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Notation
Æ g: simple Lie algebra with index set I = f1; : : : ; ng, Æ h: Cartan subalgebra,Æ �1; : : : ; �n: simple roots, Æ $1; : : : ; $n: fundamental weights, ÆW : Weyl group,Æ g = n+� h� n�: triangular de
omposition, Æ P =Li Z$i, P+ =Li Z�0$i,Æ fei; hi; fi j i 2 Ig: Chevalley generators,Æ bg = g
 C [t; t�1℄� C K � C d: the aÆne Lie algebra asso
iated to g,Æ �0; : : : ;�n: fundamental weights of bg, Æ Æ: null root of bg.

De�nitions
� Weyl module W (�)The Lie subalgebra g
 C [t℄ � C d � bg is 
alled the 
urrent algebra.De�nition.For a dominant integral weight � 2 P+, the Weyl module W (�) is ag
 C [t℄ � C d-module generated by an element v with the relations:

n+ 
 C [t℄:v = 0; h
 ts:v = Æs0h�; hiv for h 2 h; s 2 Z�0;
f h�;hii+1i :v = 0 for i 2 I; and d:v = 0:We denote the Z -graded 
hara
ter of W (�) by


hW (�) = X
�2P;m2Z qme(�) dimW (�)�+mÆ:

� Demazure module D(�;m) and Demazure 
rystal B(�;m)For � 2 P+ and m 2 Z , let � be the unique dominant integral weight of bg su
hthat
w(�) = � + �0 +mÆ for some element w of the aÆne Weyl group:

De�nition.The Demazure module D(�;m) is the g
 C [t℄� C d-submodule of theirredu
ible highest weight bg-module V (�) generated by the 1-dimensional weightspa
e V (�)�+�0+mÆ.
It is well-known that the q-analog of V (�) has a 
rystal basis B(�), and it is alsoknown that the q-analog of D(�;m) also has a 
rystal basis ([K1℄), whi
h is denotedby B(�;m) and 
alled the Demazure 
rystal.
� Crystal basis of a fundamental representation and enegy fun
tionFor i 2 I, let Wq($i) denote the fundamental representation of the quantum aÆnealgebra U 0q(bg) de�ned by Kashiwara (
f. [K2℄), and B$i its 
rystal basis. When� =Pi �i$i, we denote by B� the tensor produ
t

B� =Oi B
�i$i :
The enegy fun
tion E� : B� ! Z is a 
ertain Z -fun
tion de�ned in a 
ombinatorialway (sin
e its de�nition is a little 
ompli
ated, we omit it here. See [HKOTY℄, forexample). We de�ne a Z -grading on B� via the fun
tion �E�.Remark. It is known that the 
rystal B� and the energy fun
tion E� 
an be realizedusing the Lakshmibai-Seshadri paths ([NS℄). To prove the main theorem below, theserealizations are essentially used.

Main Theorem
Theorem ([Na℄). (1) W (�) has a �ltration 0 = W0 � W1 � � � � � Wk =W (�) su
h that ea
h quotient Wj=Wj+1 is isomorphi
 to some Demazure moduleD(�j;mj) for 1 � j � k.
(2) The subset u�0 
 B� of the 
rystal B(�0) 
 B� (u�0 is the highest weightelement of B(�0)) is isomorphi
 to the disjoint union of the Demazure 
rystals`1�j�kB(�j;mj), where �j and mj are the ones in (1). Moreover, this isomor-phism preserves their Z -gradings.
Remark. If g is of type ADE, then k = 1 and the Weyl module W (�) is in fa
tisomorphi
 to the Demazure module D(�; 0). This fa
t was previously proved byFourier and Littelmann [FL℄.

X =M 
onje
ture
De�nition.Let �; � 2 P+.(1) The 1-dimensional sum X(B�; �; q) is de�ned by

X(B�; �; q) = X
b2B�~ejb=0 (j2I)wt(b)=�

qE�(b):
(2) The fermioni
 form M(�; �; q) is de�ned as follows:

M(�; �; q) =Xm2S q
m
Y

i2I;k�1
"pmk;i +m(i)km(i)k

#
q ;where

S =
8<:m = (m(i)k ) i2Ik�1

����� Xi2I;k�1 km(i)k �i = �� �
9=; ; pmk;i = h�; hii �Xj2I (�i; �j)X`�1 minfk; `gm(j)` ;


m = 2�1Xi;j2I(�i; �j)Xk;`�1minfk; `gm(i)k m(j)` � X
i2I;k�1h�; hiim(i)k :

By our main theorem, we have

hW (�) = X

1�j�k 
hD(�j;mj) = X
1�j�k

X
b2B(�j;mj) q

hd;wt(b)ie�wtP (b)�
=Xb2B� q

�E�(b)e�wt(b)� = X�2P+X(B�; �; q�1)
hVg(�);
where Vg(�) denotes the irredu
ible g-module. On the other hand, the followingtheorem was proved by Di Fran
es
o and Kedem:
Theorem ([DFK℄).


hW (�) = X�2P+M(�; �; q�1)
hVg(�):
Hen
e, we have the following 
orollary, whi
h is a spe
ial 
ase of the X = M
onje
ture (
f. [HKOTY℄):
Corollary.We have X(B�; �; q) = M(�; �; q):
Remark.The general X = M 
onje
ture is formulated on more general 
rystals
alled the Kirillov-Reshetikhin 
rystals.
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