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Plan of the talk

1. Relations between Demazure crystals and KR crystals.

(i) Previous result by Schilling and Tingley.
(i) Main result.

At W — ; (€] @
2. Application: X = M conjecture for A" and D ".

() What is the X = M conjecture?
(i) The skech of the proof.
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g affine Lie algebra, | = {0,...,n}, lo = I \ {0},
go € ¢: simple Lie subalgebra corresponding to |,
W, Wp: Weyl groups, Wwg € Wp: longest element,
P*, Pg: sets of dominant integral weights,

Uq(8), Ug(80): quantized enveloping algebras,

UG (8) € Uqg(g): quantum affine algebra without the degree
operator,

A € P* (i € 1): fundamental weights of g,
w; € Pg (i € 1p): fundamental weight of gq.
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motivation

B(A): crystal basis of the integrable highest weight
Uq(¢)-module with highest weight A € P*,

ux € B(A): highest weight element.
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motivation

B(A): crystal basis of the integrable highest weight
Uq(¢)-module with highest weight A € P*,

ux € B(A): highest weight element.

Theorem
If finite Ua(g)-crystal B is perfect (some technical condition),

then we have an isomorphism of Ua(g)-crystals
B(A) ® B = B(A')

for suitable A, A’ € P*.

Question: What is the image of u, ® B under the above
isomorphism?

Answer: Demazure crystal (recalled below).
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Kirillov-Reshetikhin crystal

W (r € 1o, £ € Zs0): Kirillov-Reshetikhin (KR) modules
. a class of irreducible finite-dimensional Ua(g)-modules.
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Kirillov-Reshetikhin crystal

W (r € 1o, £ € Zs0): Kirillov-Reshetikhin (KR) modules
. a class of irreducible finite-dimensional Ua(g)-modules.

Theorem ([Okado, Schilling], [Fourier, Okado, Schilling])

(i) If g is nonexceptional, W™ has a crystal basis B" for
each r, £ (B": KR crystal).
(i) Foreachr € lg, ¢ € {1, 2, 3} exists such that

B" is perfect & € € ZoC;.

Moreover if g is simply-laced or twisted, then all ¢, are 1.
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Kirillov-Reshetikhin crystal

W (r € 1o, £ € Zs0): Kirillov-Reshetikhin (KR) modules
. a class of irreducible finite-dimensional Ua(g)-modules.

Theorem ([Okado, Schilling], [Fourier, Okado, Schilling])

(i) If g is nonexceptional, W™ has a crystal basis B" for
each r, £ (B": KR crystal).
(i) Foreachr € lg, ¢ € {1, 2, 3} exists such that

B" is perfect & € € ZoC;.

Moreover if g is simply-laced or twisted, then all ¢, are 1.

= For any sequence ry,..., I, € lgand £ € Zo,
B'vonif @ ... ® B is perfect.
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Demazure crystal

For a crystal B, a subset SC B and i € |, we denote by
Fi(S) the subset

Fi(S) = {f*(b) | be Sk >0} \ {0} c B.
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For a crystal B, a subset SC B and i € |, we denote by
Fi(S) the subset

Fi(S) = {f*(b) | be Sk >0} \ {0} c B.

Let w € W with a reduced expressionw = s, +-- 5. Itis
known that the subset

Bw(A) = Fi, .-+ Fi,(ua) € B(A)

does not depend on the choice of the expression.
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Demazure crystal

For a crystal B, a subset SC B and i € |, we denote by
Fi(S) the subset

Fi(S) = {f*(b) | be Sk >0} \ {0} c B.

Let w € W with a reduced expressionw = s, +-- 5. Itis
known that the subset

Bw(A) = Fi, - Fi,(ua) € B(A)
does not depend on the choice of the expression.

Definition (Kashiwara, '93)
Bw(A) is called a Demazure crystal.
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character of Demazure crystal

For a subset S of a crystal, we denote its character by

chs= ) e"® e Z[P].
beS
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character of Demazure crystal

For a subset S of a crystal, we denote its character by

chS= Z e"® g 7Z[P].
beS

Theorem ([Kashiwara])
chBy(A) = Dy ().

Ifw=s, -5, is areduced expression, D, is defined by
Dy = Dj, -« Di, where

S 4. 4 er if (A, @) >0,
Di(e") = 40 (A, af) = -1,
—eM — e — @M if (A ) < -2,
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Previous result

Assume that g is nonexceptional. For given ry,..., I, € lg
and € € Zso, set

B = Brl’cfll R ® Brp’cfpe,
andleti € | and w € W be elements satisfying

WA; = Wo(Cr, @, + +++ + C;,@1,) + Ao.
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Previous result

Assume that g is nonexceptional. For given ry,..., I, € lg
and € € Zso, set

B = Brl’cflf R ® Brp’cfpe,
andleti € | and w € W be elements satisfying

WA; = Wo(Cr, @, + +++ + C;,@1,) + Ao.
Then we have B(fA¢) ® B = B(fA;) as U;(g)—crystals.

Theorem (Schilling and Tingley, 2011)

(1) The image of us, ® B under the above isomorphism is
BW([Ai)'

(2) The weight of the image of us, ® b is equal to
wt(b) — 6 D(b), where D : B — Z is the energy function.
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The precise meaning of the second statement

LetW : un,®B > Bw(fA;) be the isomorphism.

9/25



The precise meaning of the second statement
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(6 is the null root).
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The precise meaning of the second statement

LetW : un,®B > Bw(fA;) be the isomorphism. Since
B(¢A;) is a Uqy(g)-crystal, for each element b € B we have

Wt(W(Ura,®D)) = A+fAp+S6 € P forsome 1 € Pyand s€ 7Z

(6 is the null root).

On the other hand since B(fAg) ® B is a Ua(g)-crystal, we
have
Wt(Uga, ® b) = A + €A € P/Z4.

The second statment says that a function D : B — 7Z called
energy function is defined, and it satisfies that

D(b) = -s
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Definition of the energy function
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Definition of the energy function

Proposition (combinatorial R-matrix)

For every KR crystals By, B,, R : B; ® B, » B, ® B;.
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Definition of the energy function

Proposition (combinatorial R-matrix)

For every KR crystals By, B,, R : B; ® B, » B, ® B;.

H : B1 ® B, —» Z (local energy function)

def
<= o Constant on each Ug(go)-component,

o For b1® b2 € B; ® By, R(b1® b2) = BZ® B]_,

H (eo(b; ® b))

H(bi® b)) +1 ey(b; ® by) = gb; ® by,
eo(b, ® by) = &b, ® by,

={Hb®by) =1 e(b;® b)) =b; @ eyby,
eo(b, ® by) = b, ® egby,

H(b, ® b,) otherwise.
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D : B — Z (energy function)
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D : B —» Z (energy function)
def
(:e) (1) In the case where B = B"*:

D(b) := H(b*® b) for some special element b € B.
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D : B — Z (energy function)
(g) (1) In the case where B = B"*:

D(b) := H(b*® b) for some special element b € B.
(2) Inthe case where B=B; ® --- ® By:
Forb;®:---®b,e Band1<i < j<p, define bﬁi) € B; by

B®B,®--®B —B®B®---®B_;
bi®bu1®:--®bj » bgi)®5i®'”®5j—l-
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D : B — Z (energy function)
def
= (1) In the case where B = B"*:
D(b) := H(b*® b) for some special element b € B.
(2) Inthe case where B=B; ® --- ® By:
Forb;®:---®b,e Band1<i < j<p, define bﬁi) € B; by
B®B,®--®B —B®B®---®B_;
bi®bu1®:--®bj » bgi)®5i ®"'®Bj—1-
Then D : B — Z is defined by

D(by®---®by) := > DY)+ >’ H(bi ® b*?).

1<i<p 1<i<j<p
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Rephrase the above theorem
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Rephrase the above theorem

Theorem
SetB=B""!®...Q B’ andleti € | and w € W be
elements such that

W(A) = Wo(Cr, @y, + + -+ + Cr @y,) + Ao.
Then there exists an isomorphism of full subgraphs
¥ Uy, ® B 5 Byu(fA)
which satisfies

wt W(us, ® b) = wi(b) — 6D(b) for b e B.
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As a consequence of the above theorem, we obtain the
following corollary:

Corollary

Z g"(B=0D() = cp B, (¢A;)
beB

Du ().
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As a consequence of the above theorem, we obtain the
following corollary:

Corollary

Z e"(D-6DM) = ch B, (LA;)
beB

Du (€M),
Goal: Generalize the above results to
B = B'vtnfr R ® BfeCrpfp

for arbitrary £1, ..., € Zso.
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As a consequence of the above theorem, we obtain the
following corollary:

Corollary

Z e"(D-6DM) = ch B, (LA;)
beB

= Dw(e[Ai)-
Goal: Generalize the above results to
B = B'vtnfr R ® BfeCrpfp

for arbitrary £1, ..., € Zso.
Since it is not perfect ,

B(A) ® B £ B(A)

forany A,A’ € P*.
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Main theorem: a generalization of the above result

Assume that g is nonexceptional. For simplicity, we also
assume that the tensor product

B=B"nlg...Q Bl

satisfies £1 > +-- > €.
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Main theorem: a generalization of the above result

Assume that g is nonexceptional. For simplicity, we also
assume that the tensor product

B=B"nlg...Q Bl

satisfies £, > -+ > £p,. Define iy,...,i, € | and

Wi,..., W, € W by the elements satisfying
Wi(Ai,) = ¢, Wo(@r,) + Ao,

W]_WZ(A|2) = WO(Crl’w-rl + Crzwrz) + AO,

WiWo e« Wp(Aip) = WO(Crlwrl F oo+ Crp'w'rp) + Ag.
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Define a subset
S C B((f1 = £2)Ai,) ® B((£2 — £3)A1,) ® -+ - ® B(£pAi,)

by

S= I:Wl(u(l’l—fz)l\il ® FWz(u(fz—l’s)Aiz @ ® FWp(ut’pAip) cee ))'
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Define a subset
S C B((f1 = £2)Ai,) ® B((£2 — £3)A1,) ® -+ - ® B(£pAi,)
by

S= I:Wl(u(l’l—l’z)l\il ® FWz(u(t’z—l’s)Aiz @ ® FWp(ut’pAip) cee ))'

Theorem (N)
There exists an isomorphism of full subgraphs

¥ Upa, ® B ®...@ B'mle 5 S
which satisfies

wt ¥(Uuga, ® b) = wt(b) — 6D(b)é for b € B.
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Similarly as a Demazure crystal, the character of Sis
calculated as follows:

Lemma

chS = le(e(l’l—t’z)l\il . DWZ(e(fz-‘%)Aiz 000 pr(e"pAip) e ))
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Similarly as a Demazure crystal, the character of Sis
calculated as follows:

Lemma

chS = Dy, (€474 . D, (€79 .. Dy, (€745) - -)).

Hence we have the following corollary:

Corollary

Zewt(b)—6D(b) =chS

beB
= DWl(e(ll_{Z)Ail . DWz(e(t)Z_{?’)Aiz coc pr(e’pAip) 000 ))
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X = M conjecture

For a tensor product of (not necessarily perfect) KR crystals
B=Bv@®-...B™randu € P*, we define

X(B,p, Q) = Z q°®  (1-dimensional sum),

beBZW
where BZW is a subset of B defined by

B ={beB|&(b)=0forielo,wt(h) = pu}.
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X = M conjecture
For a tensor product of (not necessarily perfect) KR crystals

B=Bv@®-...B™randu € P*, we define

X(B,p, Q) = Z q°®  (1-dimensional sum),

beBI'}W
where BZW is a subset of B defined by

B ={beB|&(b)=0forielo,wt(h) = pu}.

Conjecture (Hatayama, Kuniba, et al. '99)

For every u € Pg, we have

X(B,pu, ) = M(B, u, ),

where M(B, u, ) € Z[(] is the fermionic form defined below.
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For simplicity, assume that g is of type A(nl), Df) or Ef]l).
The fermionic form M (B, u, ) is defined as follows:

(4 _— U)
+
M (B’ Hs ) E qc(m) | | p (I)mu ’
{I'T]U GZ>0}|€|0 u>1 iE'o,U> q

st p20 (Vi,u),
Diu Uml( )dl =3 fjwrj —H

c(m) = Z (@i, @) min{u, vim{m{ Z min{¢;, uym, (")

hi€lo UEZs0
u,v>1
L = ' i ()
b= Z ‘mln{u,fj} - Z(ai,a,-)mm{u,v}mj .
j€lo;rj=i jelo

v>1

(R, ) is called the vacancy number).
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The X = M conjecture has been proved in these cases:
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The X = M conjecture has been proved in these cases:

o ¢ = AW, [Kirillov, Schilling, Shimozono, 2002,
@ ¢: nonexceptional type, the rank of g is sufficiently large,
[Lecouvey, Okado, Shimozono, 2010] and

[Okado, Sakamoto, 2010],
e Yg, if ¢ = 1forall i [N],
@ Other special cases.

Using the results stated above, we can show the X = M

i (1) 1)
conjecture for type A’ and D ”.
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The proof of the X = M conjecture for A(nl) and DS)

Foru € Pg, let Vo(u) denote the irreducible go-module.
In order to prove

X(B,u,q) = M(B,u, Q)

for every p € P7, it suffices to show that

D, X(B,u, a)chVo() = Y M(B,u, d)ch Vo(u)

+ +
HE P0 yGPO

since chVy(u) are linearly independent.
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By definition, we have

D X(B,p, q)chVo(u) = Y qPPe®,

HE Pg beB
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By definition, we have

D X(B,p, q)chVo(u) = Y qPPe®,

HE Pg beB

Hence if g is nonexceptional, we have from the above

corollary that

D X(B, 1, G)ch Vo(u)

+
yePo

= le(e(il'tJZ)Ail . DWz(e([Z'[?’)Aiz e pr(elDAip) e ))’

where we set = e,
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On the other hand, the following theorem can be proved:

Theorem (N)
If g is of type A(nl), D(nl) or E(nl), then we have

D M(B, 1, 6)ch Vo(u)

+
[.lEPO

= le(e([l_’Z)Ail o DWZ(e(ZZ‘@)Aiz 000 DWp(eprip) 000 )),

where we set g = e,
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sketch of the proof.) Let V(A) denote the irreducible highest
weight Uqy(g)-module. We define S by the subspace of

V((1 = £2)Ai) ® V((£2 = £3)Ai,) @ -+ - ® V(£pA;)
corresponding to the subset

S= FWl(u(fl—lz)Ail ® FWZ(U(()Z—fa)AiZ R ® FWp(u(pAip) cee ))
= € B((&r - £2)Ai) ® B((£2 — £3)Ai,) ® -+ - ® B(£pAi)).



sketch of the proof.) Let V(A) denote the irreducible highest
weight Uqy(g)-module. We define S by the subspace of

V((1 = £2)Ai) ® V((£2 = £3)Ai,) @ -+ - ® V(£pA;)
corresponding to the subset

S= FWl(u(fl—lz)Ail ® FWZ(U(()Z—fa)AiZ R ® FWp(u(pAip) cee ))
= € B((&r - £2)Ai) ® B((£2 — £3)Ai,) ® -+ - ® B(£pAi)).

Then the classical limit of S becomes a go ® C[t]-module.
By construction, we have

chsS = le(e(il—l’z)Ail . Dwz(e(t’z—l’s)Aiz .. pr(ezpmp) . )).



On the other hand, it is proved by Di Francesco and Kedem
that there exists a go ® C[t]-module M such that

chM = Z M (B, g, g)ch Vo(u).

+
HE P0
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On the other hand, it is proved by Di Francesco and Kedem
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chM = Z M (B, g, g)ch Vo(u).

HE Pa'
Moreover, we can show that

S =M.
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On the other hand, it is proved by Di Francesco and Kedem
that there exists a go ® C[t]-module M such that

chM = Z M (B, g, g)ch Vo(u).

pGP;
Moreover, we can show that
S=M
Hence we have

> M(B,u, g)chVo(u) = chM = chS

+
HE P0

= DWl(e(l’l—l’z)Ail . DWZ(e(fz-l%)Aiz ces pr(e"pAip) .es )) O
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As a consequence, we have:

Corollary

If gis A(nl) or D(nl), then we have that
D X(B,u, q)chVo(u) = > M(B, 1, G)ch Vo(u)-

+ +
yeP0 ,uePO

Hence the X = M conjecture holds in this case.
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