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| 1-dimensional sum X | g | fermionic formula M | € Z[¢*']

(crystal basis theory) (Bethe Ansatz)

o Definitions of X, M (with histrical background)

2. Proof in type AD (and partially in BC)
¢ Use modules over a current algebra ¢ ® C[¢]
o graded limits of KR modules
o fusion products

e generalized Demazure modules
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the number of Bethe vectors (H-eigenvectors) as follows:

State space: (CH)® = @ W, v« s,
{Bethe vec. in W,} = {h.w. vec. with h.w. r}

[(@z)m : V(r)] - Z n (Pj ;zjmj)

m={m;€Zyo}j>1 J
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The formula can be generalized in type sl,,41:

(a) (@)
Vo) @@ Vi@ : vl = H[pf ,,%n"]-

m=(m ) 1c0cn VI J

21
st p;,“)zo,

Moreover, the graded version also holds!

I WOEDI S|
m a,j

[ K,,,(q) : Kostka polynomial, [ ]q : g-binomial coeff, ]

J
(
J

(@) (a)
p. +m. .

! ma) € ZZO[q_I]-
q

cc(m) € 7 : cocharge

since Ky (1) = [V(u@1) ® -++ ® Vi) : V(A)),

this formula at ¢ = 1 becomes the above one.
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They proved that there exists a bijection (KKR bijection)

SST(A, p): s.s. tableaux & RC(u, d): rigged configurations
preserving their charges ¢y : SST(A4, u) = Z, cg: RC(u, 1) = 7Z.

= Z g™ = Z g ®

TeSST(A,y) ReRC (1)

~ K@= Y ]
m a,j

)
€ Zsolg*'].
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€ Zsolg*'].
q

J
(@)

J

p;a) + m(_a)
m

K = 3 = |
m a,j

Can this be generalized in the other types?
= X = M conjecture.
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g: simple Lie algebra of rankn, I ={1,...,n},
U;(@): quantum affine algebra (without a degree operator),
Wrt: Kirillov-Reshetikhin (KR) module (r € I, £ € Zs,)

(a family of f.d. simple U;(ﬁ)—modules).

(Nongraded) fermionic formula in general type is stated as follows.

Theorem ([Nakajima, '03], [Hernandez, '06], [DiFrancesco, Kedem, '08])

e T

(U,(g)-multiplicity) m=(m®) @ i

Rem. When g = sl,,1, W = V(fw,) as a U,(g)-module.
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Wi=Wih®...Q W’mfp,

(a) (a)
[w:va]=Y" ]‘[[”f ":’(:"f ]
J

m a,j

T (=1 1)
Zsolg*'1> XW,A,q) = MW,A,q) € Zylg*']

MW, A, q) can be defined similarly as in type A,:

MW, 4,9) = ¢ []
m a,j

How to define X(W, 4, q)7?

p(,a) + m(,a)
J @ J
m

J q
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In type A,, a Kostka polynomial K, ,(q) is expressed as
a generating function of semistandard tableaux.

In general type, we use crystal bases instead.

Theorem ([Kashiwara, '04], [Okado, Schilling, '08])

The KR module W"¢ has a crystal basis if
e ¢ =1, (§: general type, 'r),

Def
@ §: nonexceptional type (ce) g: classical), (Yr, ¥¢).

B! the corresponding crystal graph (KR crystal),

B := Bv1 ®...Q B: crystal basis of W = Wit @ ... @ Wrrir
= [W:v)| =#{be B |wtb) = 1,&(b) =0 € D}.



OnB = B ®...Q® B"»» the energy function D : B » 7Z
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Then the 1-dimensional sum X(W, 4, q) € Z[q*] is defined by
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OnB = B ®...Q® B"»» the energy function D : B » 7Z
is defined in a combinatorial way.

Then the 1-dimensional sum X(W, 4, q) € Z[q*] is defined by
XWAq:= > "
beB s.t.
wi(b)=A1, &(b)=0

which satisfies X(W, 4,1) = [W : V(/l)] as required.

Theorem (Nakayashiki, Yamada, '97)

In type A,, we have
K/l,,u(q) = X(WH, 4, q),

where WH* := Wl,lll R QR Wlsllli_
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Plan of the proof

type A,
K, ,(q) = Z g
TeSST(A,u)
Il
cc(m) D +m — cr(R)
T 1 B
q ReRC(u,1)

o Consider two sets SST(A, u), RC(u, 1) with charges.
o Consider their generating functions.

o Show SST(4, u) = RC(u, A) as charged sets.
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Plan of the proof

Instead of charged sets, we shall use Z-graded g-modules.

X(W, 4, q)

[1) : vu)]q
I

M(W, A, q) L= vl

o Consider two Z-graded g-modules D, L.

(D: Z-graded g-module & D = @, _, D« Di: g-module)
o Consider their graded multiplicity.

(graded muttiplicity D : V(/l)]q i= ez 4 [ D 1 V(D))

o Show D = L as 7Z-graded g-modules.
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current algebra

g[t] := ¢ ® C[¢]: current algebra
(Ix ® f(1),y ® g(0)] = [x, 51 ® f(H)g(1) )
o g[¢] has a natural Z-grading w.r.t. the degree of ¢

~» L: 7Z-graded g[¢]-module = L: 7Z-graded g-module.
(8=9®1 < g[z])

For a € C, define a Lie algebra automorphism 7, : g[¢] — g¢[¢] by

T.(x ® f(1) = x® f(t + a).
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The work of Ardonne-Kedem

W=Wvrh ... Wrir
~» IL: Z-graded g[¢]-module s.t. [L : V(/l)]q = M(W, A, q)

-1
W U’ (§)-module T wre: g® C[t, t']-module

restriction

- W g[¢]-module (not Z-graded)

Ry 7 (Wnt): Z-graded g[¢]-module (a € C*)
(graded limit of Wrf)
Ex. g = sl

LY 2 evi(V(lw,) (evo: olrl = 8, evo(x ® f(1)) = f(O)x)
. Z-graded g[¢]-module concentrated in degree 0.

14/23



p22 W=wWih@..WrHh = L=L1""Q...Q L'



W=WilrQ..g Wrirss [ = [ Q...Q L'vr
(g = sl = L'V @ ... ® L™: concentrated in degree 0)



CocepeensCp i #F i~ L =1, (L) @---@ 1, (L),
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C»s Cloeeey Cp, c; ¥ Cj ~ L = Tzl(Lrbﬁ) R ® T:p(Lrp,(’p)_
L’ has afiltration: 0 = F_;(L’) € Fo(L') S --- S Fy(L') = L’
(v,,g: a generator of L",f, F (L) := U(g[t])sk(vrl,t’l R ® vr,,,t’,,))



C3cryenescp ciEcj~a L := TZI(L’IJI) R ® T:p(Lrp,é’p)_
L’ has afiltration: 0 = F_(L’) C Fo(L') € --- C Fy(L') = L’
(V,-,[: a generator of L™, Fy(L') := U@t <k (Vrp, ® +++ ® v,p,gp))
= L := gr,(L’): associated graded g[¢]-module.

(fusion product of L4, ..., L% [Feigin, Loktev])



C3cCryennsCp i ECi~> L = TZI(L'I"’I) Q- ® TZP(L'PJP).
L’ has afiltration: 0 = F_(L’) C Fo(L') € --- C Fy(L') = L’
(Vr’[: a generator of L™, Fy(L') := U@t <k (Vrp, ® +++ ® v,p,gp))
= L := gr,(L’): associated graded g[¢]-module.

(fusion product of L4, ..., L'»% [Feigin, Loktev])

Theorem (Ardonne, Kedem, '08)

MW, 4,q) = [L: v
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Plan of the proof

XW,4,q)

[p: v,

I
MW, 4, q) = [L . V(/l)]q
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Plan of the proof

X(W,4,9)

[1) : V(/l)]q

|
MW,4q9 = |L: V(/l)]q

Construct a Z-graded g[¢]-module D s.t. D = L.
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In the sequel, assume g is of type ABCD for simplicity.
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g := ¢®Clt,t7'] ® CK & Cd: affine Lie algebra 2 ¢[¢],
:= {0} U I: index set of g,

D b:=b®gQ® tC[t] ® CK @ Cd: Borel subalgebra,

~>

=

§ 2 p; := b @ Cf:: minimal parabolic subalgebra (i € I),
):

V(A): simple h.w. §-module, us € V(A): h.w. vector.
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In the sequel, assume g is of type ABCD for simplicity.

§ := g ® C[t,t™']1 ® CK @ Cd: affine Lie algebra 2 glt],
:= {0} U I: index set of g,

~>

A

2b:=bdg® tC[t] ® CK & Cd: Borel subalgebra,

=»

A

§ 2 §; := b ® Cf;: minimal parabolic subalgebra (i € 1),
V(A) simple h.w. g-module, u, € V(A): h.w. vector.

17/23



Demazure module

Forw = s;, -++s;, € W, define a b-submodule D(w, A) of V(A) by

V(A) 2 Dw,A) := F;, -+ - F,(Cup) = F,(Cup): Demazure module
( V(A) 2 M: b-submod. = F«(M) := U(G,)M C f/(A))
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Demazure module

Forw = s;, -++s;, € W, define a b-submodule D(w, A) of V(A) by
V(A) 2 Dw,A) := F;, -+ Fi,(Cup) = F,,(Cun): Demazure module
(V(A) 2 M: b-submod. = Fi(M) := UG)IM < V(A) )

o In some cases, D(w, A) extends to a g[¢]-module. < Z-graded

2 (g: BC, a,: shortroot),

Forrel, c, := . v .
1 (otherwise). & "r € Iintype AD
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Demazure module

Forw = s;, -++s;, € W, define a b-submodule D(w, A) of V(A) by
V(A) 2 Dw,A) := F;, -+ Fi,(Cup) = F,,(Cun): Demazure module
(V(A) 2 M: b-submod. = Fi(M) := UG)IM < V(A) )

o In some cases, D(w, A) extends to a g[¢]-module. < Z-graded

2 (g: BC, a,: shortroot),

Forrel, c, := . v .
1 (otherwise). & "r € Iintype AD

Theorem ([Chari, Moura, ’06])

If c.|¢, it follows that
Lr’[ = D(wra ([/cr)Ar’)a

for some w” € W and fundamental weight A, of §.
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Recall. L = (fusion product of L™, ..., L)

(W1s...,W,): seq. of elements of W,
(AL, ..., AP): seq. of dominant integral weights of §,

W
->
A

D(#,K) := F,, (Cups ® - ® F,.,(Ctarms ® F, (Cuns))- )

cVA):= VAH ®@---® V(AP ® V(A?).

(generalized Demazure module)



Recall. L = (fusion product of L',..., L")
W = (w1,...,w,): seq. of elements of W,
A= (AL, ..., AP): seq. of dominant integral weights of §,
D(#, &) := F,,(Cun1 ® - ® F,., (Cutnr1 ® F, (Cuins))- )
c V&) = VAH ® - ® V(A @ V(AP
(generalized Demazure module)

Theorem (N)
If ¢ 1¢; for all j, it follows that

L = D(#,R)

where i# = W",...,w™), R = ((t1/cr)Avse.rs(p]cr)Ar).
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Recall. L = (fusion product of L'v!1,. .., L")

..., W,): seq. of elements of W,

M-; (w17
X (Al,...,AP): seq. of dominant integral weights of g,

D(#, ) := F,, (Cupt ® -+ ® Fo,., (Cutars ® F, (Cups))- )
c V&) = VAY ® -+ ® V(A @ V(A?).

(generalized Demazure module)

Theorem (N)
If ¢ 1¢; for all j, it follows that

LD, K= [L: V(/l)]q =, X) : v .

where = W™,...,w"), A = ((ta/cr)Arsvns (bpler,)Ar).
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Plan of the proof

XWheg = [p0%K): v

I
MW 4g = LV
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Plan of the proof

XWheg = [p0%K): v

I
MW 4g = LV
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Generalized Demazure crystal

V,(A): simple h.w. U,(8)-module = B(A): crystal basis
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V,(A): simple h.w. U,(8)-module = B(A): crystal basis
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l g-analog l
D,3,8) € V,(AHY ®-+-® V,(A?) »~~ U, (@)
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Generalized Demazure crystal

V,(A): simple h.w. U,(8)-module = B(A): crystal basis
DK S VAN ®---® V(A" ~ §
l g-analog l
D,3,8) € V,(AHY ®-+-® V,(A?) »~~ U, (@)
crystal basis |

B(A)®:--® B(A?Y)
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Generalized Demazure crystal

V,(A): simple h.w. U,(8)-module = B(A): crystal basis
D3, R) c VAH ®---® V(A?) P~ §
l g-analog l
D,3,8) € V,(AHY ®-+-® V,(A?) »~~ U, (@)
l crystalbasis |

1B(#%,K) € B(A) ® -+ ® B(A?)

[Dow, K) : V()| = #{b € BO#, K) | wi(b) = 4,&(b) = 0 (i € D}=:B,

Proposition

[D(w’, X): V(/l)]q = Z g~ "M@ (d : degree operator).

beB,
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[D(w’, A) : V(/l)]q: generating function on a subset of B(W%, A),

X(W, A, q): generating func. on a subsetof B = B\ ®-..Q® B'»'r.



[D(w’, A) : V(/l)]q: generating function on a subset of B(W%, A),

X(W, A, q): generating func. on a subsetof B = B\ ® ... Q@ B'»'r.

Theorem (N)
If ¢, |¢; for all j (& Briti: perfect), there exists a bijection

¥: Bo#,A) > B

which preserves weights, commutes with &; (i € I) and satisfies

—(d, wt(b)) = D(¥(b)) for b € B(#,K).
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[D(w’, A) : V(/l)]q: generating function on a subset of B(W%, A),

X(W, A, q): generating func. on a subsetof B = B\ ® ... Q@ B'»'r.

Theorem (N)
If ¢, |¢; for all j (& Briti: perfect), there exists a bijection

¥: Bo#,A) > B

which preserves weights, commutes with &; (i € I) and satisfies

—(d, wt(b)) = D(¥(b)) for b € B(#,K).

Corollary
Under the conditions of the above theorem, we have

X(W, 4, 9) = [D63, K) : V]
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Corollary
ﬁ = AS), Bs)’ ngl)s DS), W = Wrenl X ® Wrrenle,
If ¢, 1¢; for all j, we have

X(W, 4, u) = M(W, 4, u).

Note that ¢, is 1 for all r when g is of type AD.
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Corollary
ﬁ = AS), Bs)’ ngl)s DS), W = Wrenl X ® Wrrenle,

If ¢, 1¢; for all j, we have

X(W, 4, u) = M(W, 4, u).

Note that ¢, is 1 for all r when g is of type AD.

Rem. In the published paper, the corollary is proved for g = AD
only.
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