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Plan

1. What is the X = M 
onje
ture?

1-dimensional sum X

?

= fermioni
 formula M 2 Z[q

�1

℄

(
rystal basis theory) (Bethe Ansatz)

De�nitions of X; M (with histri
al ba
kground)

2. Proof in type AD (and partially in BC)

} Use modules over a 
urrent algebra g 
 C[t℄

graded limits of KR modules

fusion produ
ts

generalized Demazure modules
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Bethe Ansatz and fermioni
 formulas

In his study of the spin

1

2

Heisenberg 
hain, Bethe determined

the number of Bethe ve
tors (H -eigenve
tors) as follows:
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The formula 
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this formula at q = 1 be
omes the above one.
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How to prove? ([Kerov, Kirillov, Reshetikhin, '86℄, [KR, '86℄)

They proved that there exists a bije
tion (KKR bije
tion)

SST(�; �): s.s. tableaux

1:1
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Can this be generalized in the other types?

) X = M 
onje
ture.
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Nongraded version for general type

g: simple Lie algebra of rank n, I = f1; : : : ; ng,

U

0

q

(

�

g): quantum af�ne algebra (without a degree operator),

W

r;`

: Kirillov-Reshetikhin (KR) module (r 2 I, ` 2 Z

>0

)

(a family of f.d. simple U

0

q

(

�

g)-modules).

(Nongraded) fermioni
 formula in general type is stated as follows.

Theorem ([Nakajima, '03℄, [Hernandez, '06℄, [DiFran
es
o, Kedem, '08℄)

h
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i

g

Y
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p

(a)

j

+ m
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j
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j
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C
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Rem. When g = sl

n+1

,W

r;`

� V(`$

r

) as a U

q

(g)-module.
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X = M 
onje
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(a)

j

m

(a)
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C

C

C

C

C

C

A

* (q = 1) *

Z

�0

[q

�1

℄ 3 X(W; �; q) = M(W; �; q) 2 Z

�0

[q

�1

℄

M(W; �; q) 
an be de�ned similarly as in type A

n

:

M(W; �; q) =

X

m

q



(m)

Y

a; j

2

6

6

6

6

6

6

4

p

(a)

j

+ m

(a)

j
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(a)

j

3

7

7

7

7

7

7

5

q

:

How to de�ne X(W; �; q)?
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In type A

n

, a Kostka polynomial K

�;�

(q) is expressed as

a generating fun
tion of semistandard tableaux.

In general type, we use 
rystal bases instead.

Theorem ([Kashiwara, '04℄, [Okado, S
hilling, '08℄)

The KR moduleW

r;`

has a 
rystal basis if

` = 1,

�

�

g: general type,

8

r

�

,

�

g: nonex
eptional type

�

Def

, g: 
lassi
al

�

,

�

8

r,

8

`

�

.

B

r;`

: the 
orresponding 
rystal graph (KR 
rystal),

B := B

r

1

;`

1


 � � � 
 B

r

p

;`

p

: 
rystal basis ofW = W

r

1

;`

1


 � � � 
W

r

p

;`

p

)

h

W : V(�)

i

= #

n

b 2 B

�

�

�

wt(b) = �; �e

i

(b) = 0 (i 2 I)

o

:
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On B = B

r

1

;`

1


 � � � 
 B

r

p

;`

p

, the energy fun
tion D : B ! Z

is de�ned in a 
ombinatorial way.

Then the 1-dimensional sum X(W; �; q) 2 Z

�0

[q

�

℄ is de�ned by

X(W; �; q) :=

X

b2B s.t.

wt(b)=�; �e

i

(b)=0

q

D(b)

;

whi
h satis�es X(W; �; 1) =

h

W : V(�)

i

as required.

Theorem (Nakayashiki, Yamada, '97)

In type A

n

, we have

K

�; �

(q) = X(W

�

; �; q);

whereW

�

:= W

1; �

1


 � � � 
W

1; �

p

.
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Conje
ture ([Hatayama, Kuniba, Okado, Takagi, Yamada, Tsuboi, '99 & '01℄)

We have

X(W; �; q) = M(W; �; q)

for allW = W

r

1

;`

1


 � � � 
W

r

p

;`

p

and �.

The 
onje
ture has been proved in the following 
ases.

�

g = A

(1)

n

,

8

W, [Kirillov, S
hilling, Shimozono, 2002℄.

(generalization of the KKR bije
tion)

�

g: nonex
eptional type, rk g � 0

[Le
ouvey, Okado, Shimozono,'10℄, [Okado, Sakamoto,'10℄,

(proved X = K and M = K respe
tively),

�

g: nontwisted,W: `

j

= 1 for all j [N℄,

�

g: nontwisted, nonex
eptional, 


r

j

j`

j

for all j [N℄

(in parti
ular,

8

W in A

(1)

n

; D

(1)

n

). (= introdu
ed below
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Notation

In the sequel, assume g is of type ABCD for simpli
ity.

�

g := g 
 C[t; t

�1

℄ � CK � Cd: af�ne Lie algebra � g[t℄,

�

I := f0g t I: index set of

�

g,

�

g �

�

b := b � g 
 tC[t℄ � CK � Cd: Borel subalgebra,

�

g �

�

p

i

:=

�

b � C f

i

: minimal paraboli
 subalgebra (i 2

�

I),

�

V(�): simple h.w.

�

g-module, u

�

2

�

V(�): h.w. ve
tor.
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Demazure module

For w = s

i

1

� � � s

i

k

2

�

W, de�ne a

�

b-submodule D(w;�) of

�

V(�) by

�

V(�) � D(w;�) := F

i

1

� � � F

i

k

�

Cu

�

�

= F

w

�

Cu

�

�

: Demazure module

�

�

V(�) � M:

�

b-submod.) F

i

(M) := U(

�

p

i

)M �

�

V(�)

�

Æ In some 
ases, D(w;�) extends to a g[t℄-module. ( Z-graded

For r 2 I; 


r

:=

8

>

>

<

>

>

:

2 (g : BC; �

r

: short root);

1 (otherwise): (

8

r 2 I in type AD

Theorem ([Chari, Moura, '06℄)

If 


r

j`, it follows that

L

r;`

� D

�

w

r

; (`=


r

)�

r

0

�

;

for some w

r

2

�

W and fundamental weight �

r

0

of

�

g.
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Re
all. L =

�

fusion produ
t of L

r

1

;`

1

; : : : ; L

r

p

;`

p

�

~w = (w

1

; : : : ;w

p

): seq. of elements of

�

W,

~

� = (�

1

; : : : ;�

p

): seq. of dominant integral weights of

�

g,

D(~w;

~

�) := F

w

1

�

Cu

�

1


 � � � 
 F

w

p�1

�

Cu

�

p�1


 F

w

p

(Cu

�

p

)

�

� � �

�

�

�

V(

~

�) :=

�

V(�

1

) 
 � � � 


�

V(�

p�1

) 


�

V(�

p

):

�

generalized Demazure module

�

Theorem (N)

If 


r

j

j`

j

for all j, it follows that

L � D(~w;

~

�)

where ~w = (w

r

1

; : : : ;w

r

p

),

~

� =

�

(`

1

=


r

1

)�

r

0

1

; : : : ; (`

p

=


r

p

)�

r

0

p

�

.
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Generalized Demazure 
rystal

�

V

q

(�): simple h.w. U

q

(

�

g)-module) B(�): 
rystal basis

D(~w;

~

�) �

�

V(�

1

) 
 � � � 


�

V(�

p

)x

�

g

# q-analog #

D

q

(~w;

~

�) �

�

V

q

(�

1

) 
 � � � 


�

V

q

(�

p

)x U

q

(

�

g)

# 
rystal basis #

9

B(~w;

~

�) � B(�

1

) 
 � � � 
 B(�

p

)

h

D(~w;

~

�) : V(�)

i

= #

�

b 2 B(~w;

~

�) j wt(b) = �; �e

i

(b) = 0 (i 2 I)

	

=:B

�

Proposition

h

D(~w;

~

�) : V(�)

i

q

=

X

b2B

�

q

�hwt(b);di

(d : degree operator):

21 / 23



Generalized Demazure 
rystal

�

V

q

(�): simple h.w. U

q

(

�

g)-module) B(�): 
rystal basis

D(~w;

~

�) �

�

V(�

1

) 
 � � � 


�

V(�

p

)x

�

g

# q-analog #

D

q

(~w;

~

�) �

�

V

q

(�

1

) 
 � � � 


�

V

q

(�

p

)x U

q

(

�

g)

# 
rystal basis #

9

B(~w;

~

�) � B(�

1

) 
 � � � 
 B(�

p

)

h

D(~w;

~

�) : V(�)

i

= #

�

b 2 B(~w;

~

�) j wt(b) = �; �e

i

(b) = 0 (i 2 I)

	

=:B

�

Proposition

h

D(~w;

~

�) : V(�)

i

q

=

X

b2B

�

q

�hwt(b);di

(d : degree operator):

21 / 23



Generalized Demazure 
rystal

�

V

q

(�): simple h.w. U

q

(

�

g)-module) B(�): 
rystal basis

D(~w;

~

�) �

�

V(�

1

) 
 � � � 


�

V(�

p

)x

�

g

# q-analog #

D

q

(~w;

~

�) �

�

V

q

(�

1

) 
 � � � 


�

V

q

(�

p

)x U

q

(

�

g)

# 
rystal basis #

9

B(~w;

~

�) � B(�

1

) 
 � � � 
 B(�

p

)

h

D(~w;

~

�) : V(�)

i

= #

�

b 2 B(~w;

~

�) j wt(b) = �; �e

i

(b) = 0 (i 2 I)

	

=:B

�

Proposition

h

D(~w;

~

�) : V(�)

i

q

=

X

b2B

�

q

�hwt(b);di

(d : degree operator):

21 / 23



Generalized Demazure 
rystal

�

V

q

(�): simple h.w. U

q

(

�

g)-module) B(�): 
rystal basis

D(~w;

~

�) �

�

V(�

1

) 
 � � � 


�

V(�

p

)x

�

g

# q-analog #

D

q

(~w;

~

�) �

�

V

q

(�

1

) 
 � � � 


�

V

q

(�

p

)x U

q

(

�

g)

# 
rystal basis #

9

B(~w;

~

�) � B(�

1

) 
 � � � 
 B(�

p

)

h

D(~w;

~

�) : V(�)

i

= #

�

b 2 B(~w;

~

�) j wt(b) = �; �e

i

(b) = 0 (i 2 I)

	

=:B

�

Proposition

h

D(~w;

~

�) : V(�)

i

q

=

X

b2B

�

q

�hwt(b);di

(d : degree operator):

21 / 23



Generalized Demazure 
rystal

�

V

q

(�): simple h.w. U

q

(

�

g)-module) B(�): 
rystal basis

D(~w;

~

�) �

�

V(�

1

) 
 � � � 


�

V(�

p

)x

�

g

# q-analog #

D

q

(~w;

~

�) �

�

V

q

(�

1

) 
 � � � 


�

V

q

(�

p

)x U

q

(

�

g)

# 
rystal basis #

9

B(~w;

~

�) � B(�

1

) 
 � � � 
 B(�

p

)

h

D(~w;

~

�) : V(�)

i

= #

�

b 2 B(~w;

~

�) j wt(b) = �; �e

i

(b) = 0 (i 2 I)

	

=:B

�

Proposition

h

D(~w;

~

�) : V(�)

i

q

=

X

b2B

�

q

�hwt(b);di

(d : degree operator):

21 / 23



Generalized Demazure 
rystal

�

V

q

(�): simple h.w. U

q

(

�

g)-module) B(�): 
rystal basis

D(~w;

~

�) �

�

V(�

1

) 
 � � � 


�

V(�

p

)x

�

g

# q-analog #

D

q

(~w;

~

�) �

�

V

q

(�

1

) 
 � � � 


�

V

q

(�

p

)x U

q

(

�

g)

# 
rystal basis #

9

B(~w;

~

�) � B(�

1

) 
 � � � 
 B(�

p

)

h

D(~w;

~

�) : V(�)

i

= #

�

b 2 B(~w;

~

�) j wt(b) = �; �e

i

(b) = 0 (i 2 I)

	

=:B

�

Proposition

h

D(~w;

~

�) : V(�)

i

q

=

X

b2B

�

q

�hwt(b);di

(d : degree operator):

21 / 23



Generalized Demazure 
rystal

�

V

q

(�): simple h.w. U

q

(

�

g)-module) B(�): 
rystal basis

D(~w;

~

�) �

�

V(�

1

) 
 � � � 


�

V(�

p

)x

�

g

# q-analog #

D

q

(~w;

~

�) �

�

V

q

(�

1

) 
 � � � 


�

V

q

(�

p

)x U

q

(

�

g)

# 
rystal basis #

9

B(~w;

~

�) � B(�

1

) 
 � � � 
 B(�

p

)

h

D(~w;

~

�) : V(�)

i

= #

�

b 2 B(~w;

~

�) j wt(b) = �; �e

i

(b) = 0 (i 2 I)

	

=:B

�

Proposition

h

D(~w;

~

�) : V(�)

i

q

=

X

b2B

�

q

�hwt(b);di

(d : degree operator):

21 / 23



Generalized Demazure 
rystal

�

V

q

(�): simple h.w. U

q

(

�

g)-module) B(�): 
rystal basis

D(~w;

~

�) �

�

V(�

1

) 
 � � � 


�

V(�

p

)x

�

g

# q-analog #

D

q

(~w;

~

�) �

�

V

q

(�

1

) 
 � � � 


�

V

q

(�

p

)x U

q

(

�

g)

# 
rystal basis #

9

B(~w;

~

�) � B(�

1

) 
 � � � 
 B(�

p

)

h

D(~w;

~

�) : V(�)

i

= #

�

b 2 B(~w;

~

�) j wt(b) = �; �e

i

(b) = 0 (i 2 I)

	

=:B

�

Proposition

h

D(~w;

~

�) : V(�)

i

q

=

X

b2B

�

q

�hwt(b);di

(d : degree operator):

21 / 23



h

D(~w;

~

�) : V(�)

i

q

: generating fun
tion on a subset of B(~w;

~

�),

X(W; �; q): generating fun
. on a subset of B = B

r

1

;`

1


 � � � 
 B

r

p

;`

p

.

Theorem (N)

If 


r

j

j`

j

for all j

�

, B

r

j

;`

j

: perfe
t

�

, there exists a bije
tion

	 : B(~w;

~

�)

�

! B

whi
h preserves weights, 
ommutes with �e

i

(i 2 I) and satis�es

�hd;wt(b)i = D

�

	(b)

�

for b 2 B(~w;

~

�):

Corollary

Under the 
onditions of the above theorem, we have

X(W; �; q) =

h

D(~w;

~

�) : V(�)

i

q
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Corollary

�

g = A

(1)

n

; B

(1)

n

;C

(1)

n

; D

(1)

n

,W := W

r

1

;


r

1

`

1


 � � � 
W

r

p

;


r

p

`

p

.

If 


r

j

j`

j

for all j, we have

X(W; �; u) = M(W; �; u):

Note that 


r

is 1 for all r when g is of type AD.

Rem. In the published paper, the 
orollary is proved for g = AD

only.
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