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Introduction

g: affine Lie algebra/Q without a degree op. d,
(eg. 9 =00 ®Q[t,t '] ® QK, go: simple Lie alg.)
I ={0,1,...,n}: set of nodes of the Dynkin diag. of g,

Uy(g) = Q(q){es, fi, " | i € I): quantum affine algebra
(associative Q(q)-alg. defined as a g-deformation of U(g))

Some of f.d. simple U, (g)-modules have crystal bases,

but not all of them do!

Problem Classify f.d. simple U(;(g)—modules having crystal base.

N
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Conjecture (Hatayama,Kuniba,Okado, Takgagi,Yamada/Tsuboi, 99-01)
Kirillov-Reshetikhin (KR) module W™ has a crystal base.

KR mod. W"*: a family of f.d. simple U, (g)-mod. (r € I'\ {0}, £ € Z~)

Theorem
The conjecture holds if

(1) W"*: simple as a U,(go)-mod. (go := gn oy € g: simple subalg.)

(2) r: adjoint node (i.e. r is the neighbor of 0-node)
[Kang-Kashiwara-Misra-Miwa-Nakashima-Nakayashiki, 92]

(3) =1 [Kashiwara 02]

(4) g: nonexceptional type (‘(j:ef go: classical type) [Okado-Schilling, 08]

(5) g: type Ggl), Dflg), Eél) < today

Except (3), a slightly weak version is proved (a crystal pseudobase).
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Basic notions
©00000

crystal base and pseudobase

U,(g): quantum affine algebra,
A:={f(q)/9(q) | 9(0) # 0} € Q(q): local subring,

M: integrable Uy (g)-module,

“twist”

e firv M (iel) "5 &, f; ~ M (i €I): Kashiwara operators



Basic notions
0@0000

(1) A pair (L, B) is called a crystal base if
(a) L: A-lattice of M,
(b) B C L/qL: a Q-basis,
(c) L=, Ly B=|],Bx (i.e. compatible with weight dec.),
(d) &L, il C L (= &, fi ~ L/qL),
)
)

(e) &b, fib € BLU{0} for b e B,
(f) é&b=10 < b= fit/ for b,/ € B.
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Basic notions
0@0000
Definition

(1) A pair (L, B) is called a crystal base if
(a) L: A-lattice of M,
(b) B C L/qL: a Q-basis,
(c) L=, Ly B=|],Bx (i.e. compatible with weight dec.),
(d) &L, fiL C L (= &, f; ~ L/qL),
(e) &b, fib € BLU{0} for b e B,
(f) &ib=1V < b= fit! for b, € B.

(2) A pair (L, B) is called a crystal pseudobase if (a), (c)—(f) and
(b') B’ C L/qL: a Q-basis s.t. B= B'LU—B'.

Rem. In the same way with crystal bases, from a crystal pseudobase
we can construct a crystal graph (I-colored oriented graph)

~~ combinatorial formulas for tensor products, branching rules, etc.
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Kirillov-Reshetikhin (KR) modules
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Py: weight lattice of g, P0+: set of dominant integral weights of gg,

w; € Py (i € Ip): fundamental weight of go  (i.e. (hi, ;) = d;5)
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Ug(8) 2 Uy(0) == Q(q){es, fis g™ | i € Io :== T\ {0})
Py: weight lattice of g, P0+: set of dominant integral weights of gg,
w; € Py (i € Ip): fundamental weight of go  (i.e. (hi, ;) = d;5)

Fact {isom. classes of simple U,(go)-modules} JIEN Py

w W
Vo(N) A
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[ee]eY Tole}

W™ (r € Iy): fundamental module defined by [Kashiwara, 02]
(f.d. simple Uy (g)-module having a crystal base with highest weight ;)

For r € Iy and k € Z, define a U,(g)-module W7, as follows:
W(;k = W7 as vector sp., and denoting by p the new action, we have

doik

plei)v = ¢®Fev, p(fi)v =g %% fv, p(qhi)v = ghiv.

For r € Iy and ¢ € Z~, consider a nontrivial Ué(g)—module hom.

R
Wgz—1 & Wge—:s K- & W(;—ZH — W(;—H-l Q- Q Wge—:s & Wge—v

Definition

Wt .= Im R: Kirillov-Reshetikhin (KR) modules

Note W™l =W".



Basic notions
0000®0

prepolarization

Define an anti-involution W of U, (g) by

—1,~hi — g LM i) — ghi
Ule)) =q; ¢ " i V(i) =q "¢ e, U(g") =qM,
where ¢; = ¢ with a certain positive integer ¢;.

Definition
Let M be a U;(g)-module, and ( , ) a Q(g)-bilinear form on M.

We say (, ) is a prepolarization on M if it is symmetric

and satisfies (zu,v) = (u, ¥(z)v) for z € U;(g) and u,v € M.




Basic notions
oooooe

Proposition

W™t has a prepolarization ( , ).

‘Construction of this prepolarization ‘

Recall W"! :=Im R, where
R
Wngl XX ngéJrl — W;72+1 R @ Wngl
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Basic notions
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Proposition

W™t has a prepolarization ( , ).

‘Construction of this prepolarization ‘

Recall W"! :=Im R, where
R
Wngl XX ngéJrl — W;72+1 R @ Wngl

Fact W" has a prepolarization ( , ).
~~ natural pairing (, ) between W(;k and W;,,C for any k € Z.
(U @ - Qug,v1 @+ @) = (ug,v1) -+ - (ug,vg) defines a pairing

between qu,l X ® W;,,ZH and W;LZH R ® ng,l.

Then (R(u), R(v)) := (u, R(v)), for u,v € Wi i@ @W_p,

10/23



Criterion for ~cry. p.base
®00

Criterion for the existence of crystal pseudobase

Theorem (KKMMNN)
Let M be a f.d. Uy(g)-module, and assume that
(1) M has a prepolarization ( , ),
(2) 2“suitable Z-form” Mz in M,
(3) there exists a sequence of vectors uy, ..., uy, € My s.t.
(i) M =U,(g0) @?:1 VO(Wt(Uk))'
(i) (uk,u;) € 6x; +qA ("k,j)  (almost orthonomality)
(iii)) [|esug||*> € g=2hewtwed =14 (Y € Iy, Vk).
Then, setting
Li={ue M|l €A}, B = {be (Mz L)/(My N qL) | |I2 = 1},
(L, B) is a crystal pseudobase of M.
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Theorem (KKMMNN)

Let M be a f.d. Uy(g)-module, and assume that
(1) M has a prepolarization ( , ),
(2) 2“suitable Z-form” Mz in M,
(3) there exists a sequence of vectors uy, ..., uy, € My s.t.

(i) M =U,(g0) @?:1 VO(Wt(Uk))'

(i) (uk,u;) € 6x; +qA ("k,j)  (almost orthonomality)

(iii)) [|esug||*> € g=2hewtwed =14 (Y € Iy, Vk).
Then, setting
Li={ue M|l €A}, B = {be (Mz L)/(My N qL) | |I2 = 1},
(L, B) is a crystal pseudobase of M.

Note (i) = by := @ € B, (i) = &by =0 (i € Ip).
So (i)—(iii) imply that there exist enough U,(go)-h.w. elements in B.

11/23



Criterion for ~cry. p.base
oe0

what we need to do in KR module case

(1) M has a prepolarization ( , ),
(2) 3“suitable Z-form” Mz in M,
i 900y m L.
(3) there exists a sequence of vectors u; U € My s.t
(i) M =y, (g) Drzy Vo(w(ur)),
(i) (uk,u;) € 6x; +qA ("k,j)  (almost orthonomality)
(iii) |lejux|/? € g~ 2ot =14 (i € I, Vk).
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oe0

what we need to do in KR module case

(1) M has a prepolarization ( , ),

(2) 3“suitable Z-form” Mz in M,

(3) there exists a sequence of vectors uy, ..., Uy, € Mz s.t.
(i) M =y, (g0) Diety Vo(wt(ur)),
(i) (uk,u;) € 6x; +qA ("k,j)  (almost orthonomality)
(iii) |lejux|/? € g~ 2ot =14 (i € I, Vk).

(1) and (2) are known to hold for all the KR modules T/,

Moreover, an explicit formula W™ 2,y @, Vo(A) for Uy(go)-mod.
decomposition has been obtained (fermionic formula).

Hence what we have to do is the following:
(1) Find vectors uy, ..., uy, s.t. Wt =0 (a0) DB Vo(wt(u)),
(2) Check that these vectors satisfy (ii) and (iii).

12/23



Criterion for ~cry. p.base
ooe

If g is of type GS, D, or E{", then the KR module W™ has a
crystal pseudobase for every r and £.

Recall We have to
(1) find vectors uy, ..., upy s.t. W7t XU, (a0) D Vo (wt(uy)),
(2) check (ug,uj) € Okj +qA and |lejuy||? € g~ 2hetun)i=1 4,

In the previous works [KKMMNN], [Okado-Schilling], (2) is achieved

by directly calculating the values using the relations (zu,v) = (u, ¥(z)v).
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Criterion for ~cry. p.base
ooe

If g is of type GS, D, or E{", then the KR module W™ has a

crystal pseudobase for every r and £.

Recall We have to
(1) find vectors uy, ..., upy s.t. W7t XU, (a0) D Vo (wt(uy)),
(2) check (ug,uj) € Okj +qA and |lejuy||? € g~ 2hetun)i=1 4,

In the previous works [KKMMNN], [Okado-Schilling], (2) is achieved

by directly calculating the values using the relations (zu,v) = (u, ¥(z)v).

In our cases, however, this seems quite hard.

Note All the KR modules in the previous works are multiplicity-free

as Uy(go)-modules, but this is not true in our cases.

Hence we employ another, indirect method.

13/23



Proof in type G
®000

5

Case g = Gél), Df)

In both cases, 1: adjoint node
= the existence of a crystal pseudobase for W are already known.

Hence we consider W2 only.
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Proof in type G5 7,
®000

Case g = Gél), Df)

In both cases, 1: adjoint node
= the existence of a crystal pseudobase for W are already known.

Hence we consider W2 only.

Notation

[m] = (g™ —q¢™)/(a—q7"), [m]l=[m]---[1],
el(m) = e} /Im]! (g-devided power),

For a sequence i1, 12, . ..,1, of elements of I, set
62(:;2...2-? = egn)egn) e ez(‘;n)'

ve € Wt a vector with weight fp s.t. ||ve||? = 1.

(here we regard (s € Py as a weight of g by setting (K, fwo) = 0)

14 /23



Proof in type G5 7,
oe00

vectors {uy} in the criterion

Proposition

Define the set of vectors S in W2 by

{e(a)e( )eg %)vg [3b<c<b+d,a<b—c+3d</t} (g Ggl))
{eO el 62)elovg [3c<b+d,a<b<c,—c+d</{} (g Df’))

Then we have W3¢ =1 (50) Pues Vo(wt(u)), and we have
(u,v) € dyp +qA and ||eul|? € g2 PV W)=1A for u,v € S.

15/23



Proof in type G
ocoeo

2 Dy

How to find the set S7

Observation In all the cases of previous works, the vectors of W"*

() (ap)
P

in the criterion are written in the form e e;

i iU (al,...,CLPEZZQ).
Here s;, -+ s;,: a reduced expression of an element w in the affine Weyl
group, which satisfies that w(w, + Ag) is a dominant integral weight

of g (Ao: fund. weight of g).

By assuming this also holds in our cases,

the set of vectors S = {eéa)egb)egc)e%)vg | ---} was found.

16 /23



Proof in type G5
ocoeo

How to find the set S7

Observation In all the cases of previous works, the vectors of W"*

in the criterion are written in the form egfl) e egjp)w (a1,...,ap € Z>p).

Here s;, -+ s;,: a reduced expression of an element w in the affine Weyl
group, which satisfies that w(w, + Ag) is a dominant integral weight

of g (Ao: fund. weight of g).

By assuming this also holds in our cases,

), (b) (€) (d) e

the set of vectors S = {eéa ey €10V -} was found.

d

Rem. At L/qL, e )eg )egc)ego vy # 60%61°65°61%€0 %y in general.

16 /23



Proof in type G5 7,
ocooe

Proof for G(QI), Df’)

Recall W"! :=Im R, where
R
1;271 @ W;74+3 ® W(;;ZJrl — W(;—ZJrl @ Wge% ® W(;eflv
and (R(u), R(v)) = (u, R(v))’.

o R

W?"Z 1®W_g+1 Wq« Wr€ 1®Wr¢11
and (Ry(u), R1(v)) = (u, R2 0 R1(v))” for u,v € qu’(_l ® W;l’l_é

where (u1 ® vi,u2 ® v2)" = (ur,v1) - (uz2, v2).
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eRQ
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and (Ry(u), R1(v)) = (u, R2 0 R1(v))” for u,v € qu’(_l ® W;l’l_é

where (u; ® vy, us ® v2)” = (ug,v1) - (uz,v9).

. Forz,y € U;(g), (wvg, yvp) =
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Proof for G(QI), Df’)

Recall W"! :=Im R, where
R
1;271 @ W;74+3 ® W(;;ZJrl — W(;—ZJrl @ Wge% ® W(;eflv
and (R(u), R(v)) = (u, R(v))’.

o R

W?"Z 1®W_g+1 Wq« Wr€ 1®Wr¢11
and (Ry(u), R1(v)) = (u, R2 0 R1(v))” for u,v € qu’(_l ® W;l’l_é

where (u1 ® vi,u2 ® v2)" = (ur,v1) - (uz2, v2).

". For T,y € U(;(g)r (iU'Ué,yUZ) :(aj(vf—l @ Ul)ay(vf—l ® Ul))//
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Proof in type G5 7,

[eJele] ]

Proof for G(QI), Df’)

Recall W"! :=Im R, where
R
¥ ® W;7£+3 X W;%Jrl — W(;;ZJrl Q@ W(;ef?, X W(;eflv
and (R(u), R(v)) = (u, R(v))’.

1 Rl Ry 1 1
Wit e Wi, - Wht S Wt e Wik,

and (Ry(u), R1(v)) = (u, R2 0 R1(v))” for u,v € qu’(_l ® W;l’l_é,

where (u; ® vy, us ® v2)” = (ug,v1) - (uz,v9).

"

" Forz,ye U’( ), (zve, yve) 2(93(06—1 ®v1),y(ve—1 ® U1))
= (Zaz vimg @ 2Py, Zy Vp_1 ®y(2)v1)”
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Proof in type G5 7,

[eJele] ]

Proof for G(QI), Df’)

Recall W"! :=Im R, where
R
¥ ® W;7£+3 X W;%Jrl — W(;;ZJrl Q@ W(;ef?, X W(;eflv
and (R(u), R(v)) = (u, R(v))’.

1 Rl Ry 1 1
Wit e Wi, - Wht S Wt e Wik,

and (Ry(u), R1(v)) = (u, R2 0 R1(v))” for u,v € qu’(_l ® W;l’l_é,

where (u; ® vy, us ® v2)” = (ug,v1) - (uz,v9).

"

. For z,y € Ug(g), (zve,yve) =(z(vi—1 @ 1), y(ve1 @ 1))

= (X W @ 2@, S yWMop @ yPuy)”
= S (zWwp_y, yWMvg_1) (P vy, yPvy). We can use the induction on /.

17 /23



Proof in type Eg”
®00000

in type Eél): vectors in the criterion

r =1,2,6: already known, r = 3,5: proved by a direct calculation.

Hence we consider W4 only.
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Proof in type Eg”
®00000

(1)

in type L ’: vectors in the criterion

r =1,2,6: already known, r = 3,5: proved by a direct calculation.

Hence we consider W4 only.

Proposition
Define the set of vectors S by

{e(()a)egb)eg)eg)?eé5l1326%)vg la<b<c<d<e,ctd+e <b+f,f<ct+l}
Then we have W4 = =1 (0) Pues Vo(wt(u)), and we have

(u,v) € 6up + qA, and ||eju||> € ¢~ 2PV I=1 A for u,v € S.

It is difficult to apply the method used in the case Ggl), Df)!

The main reason: W*! is already complicated.
dim W2! =8 (GY), dimW2! = 31 (DY), dim W*! = 3732 (ELM).

18/23



Proof in type Eg”
0®0000

extremal weight modules
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(Uq(g)-mod. with a generator u,, of weight 1 and certain defining rel.)

Note u: positive (resp. negative) level ~ V(u): h.w (resp. l.w) mod.
If p is of level 0, V' (p) is neither of them.

Theorem (Kashiwara, 94)

V(1) has a crystal base (L(V/ (1)), B(V (1)) and a global basis
{G(b) | be B(V(1))}-

Theorem (Beck-Nakajima, 04)

V() has a prepolarization (, ), and we have (G(b), G(V')) € dp + qA.
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pf.) First prove that e®u_gsp, € gl. basis of V/(—3¢Ao)

= ugr, @ e*u_spp, € gl. basis of V(¢A4) @ V(—3¢Ag) [Lusztig]

Fact “hom. V({A4) ® V(—30Ag) — V (£m4) preserving global bases.
(note that fwy = Ay — 30Ag.) O

Cor. ||e®usw,||?> € 1+ qA by the previous theorem.
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%ty ||? (in V(€)= []e®(v1)®|? (in (WH1)").

pf.) (i) Jinj. hom. V (fzoy) < V (zo4)®* [Nakajimal.

(z=1)

z=1
- Wl

(i) V(w) 2 Q[z, 271 @ W4 = Zhom. V(wy)

2=1)®¢
Check V (fwwy) < V (w4)®" =2 (WAH)® preserves || « ||2. O

By combining this with the previous corollary, we have
[le®(v)®|]* € 1+ qA.
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Comments on other types

The remaining types: E§1), Eél), F4(1), EéQ).

In these types, since the fermionic formula is quite complicated,

we cannot find so far a candidate of the set of vectors in the criterion.
Fact fermionic formula = #{rigged configuration}

Can we construct a bijection between vectors in the criterion and

rigged configurations?
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