Special Function Solutions of

Aél) -surface Painlevé Equations
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2 Elliptic type

2.1 Painlevé equation
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2.2 Hypergeometric equation
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3 Multiplicative type
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-+ t8 — m2t6 -+ m4t4 — m6t2 -+ ms,
(322) A = g*—mig®/t+ (ma/t? — 3 —mg/t®)g® + (mq/t" —ms/t® + 2m, /t)g
+ mg/ts — m6/t6 -+ m4/t4 — m2/t2 + 1.
godd
(3.23) pfE=g)+1 _V

F(F-—g)+1 A

000000000000 fOODOOOOO0OOOODOOO (32)0000

0000000 [1jo0000000o0ooooo
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3.2 Hypergeometric equation

00 4. A’ 000000000000 O000000000 B+ Bs+Bs+ By =000
0000000000000000000000 (217),(218)000000000 g, =
11432, 3= -21-9*) 0000 — 0000000000t =eT,A=eF =
zgéGzzgémzé&Dmmmmmmmmfﬁﬂmmmmmmmmmmmcu%@mm
000000000 bybshsh, =100000000000000000000000000
0000

fg g f 1
1 t b t b 1
(3.24) bt+o:) o +F) oo+ 7F bt+g; 1 o
' bot+ ) (E+5) £+5 bat+55 1 ’
1 b b 1
bst+ o) (i + %) o +3 bst+gpy 1
fg 7 f 1
1 t b t b 1
bt + 57 ) (2 + %) £ 4% bt +55 1
bt ) (& +4) £+t bl
OO0oO07f=tAO000O0O O

gboobooogbboboooooboboooaon

OO0O000 bbsbsby =10000000000000
obooobooobrooogoon

f9 g f 1
| () (e 8) et b
bt + o ) (£ +%) £ +% byt+55 1
bt + ) (£ +%2) £ +% bst+55 1
(3.26)
fg g foo1
a+i)(E+%) £+44 a+i 1
- a+i)(E+4) £+44 o+l 1
s+i)(E+%) £+49% +2 1
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O000 700w, 0000000000000 0O0O0O0O
fg 7 f 1

~ <C <C2P+T) CQEQ-I—CQ% CQ—i-CL 1

I =

Cg—i-— Et +§—§ g—i—?—g s+ L 1

c3
12
C5+_ = +~_

() (D) 2)

1

Pra c+1l 1

cs t2 cs

(CINE)

t2 C1 Co ~9 1 1 2
—+ = —+ = "+ — | — | alt”+ —
(3.27) (<01 ) (02 t2)> (< S P
-1
a+z) (G+a) V]| (a+d) (5+3) 1
02—|—é g—i—f—% 1 @—i—é g—i-f—% 1
s+i) (E+2) 1| (s+2) (£+94) 1
-1
f g 1

1 t2 c
Cl‘i‘a —+t—% 1

C1

1 t2
C2+a 4+ 2 1

Cco t2

O00/=0=/=0000000000000000000000000000

fg g f 1
T b 3 b 1
(3.28) 7= %“"_ wT i) wT bttty 1
' - AN (E k) Eoyb 1
MHWE Lpb) Lyl oyl
00007I=0=Z=0000000000
3 g f 1
(3.29) | () (o) i bl
3.29 VY : ;
bt + o) (5 + %) £ +% bsi+gp 1
bst+ 57 ) (£ +%) £+% bt+5 1

00000/=0=1=000000000007=00000 f,¢g0 bibshsb; =100 0
000000000000000
0000000 f,g0000 (3.24),(3.25 000000
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OOo0oOooobobOoboo

1 1 1 1 1\ 1
3.30 === flli+bs+bs+b)t——+—+—+—]=
( ) fg( tQ) f((1+ 3 + b5 + br) (bl+bg+b5+b7) t)

1 1 1 1 1
_g(<E+E+E+b—7)t—(b1+53+b5+b7)z)

1 1
+(ﬂ—ﬁ)Gﬁﬁ%%+h@+%%+%@+%@—0”7a>:&

7
_ 1 _ 1
+ (tt - t_t_) (6264 + babg + babs + babs + bsbs + bgbs — (tt + t_t_)> =0

00000000000000
1 1 1 1\1
3.32) §= by + byt bg+bg)t— [ — 4+ —+ —+ — )=
(332) g O(u+4+6+@ (®+m+%+%)J
1 1
—(u—ﬁ)G@+@%+@%+m%+m%+%%—(u+i»)
1 1 1 1 1\. 1
tt—=) ==+ —4—4— )= (ba+ by +bg+bs) =
/(f( tt) (<b2+b4+b6+bs) (2+ 4 + 0g + 8)t)>7

1 1 1 1 1
3.33 = — 4+ — 4+ —4+—)t—-(b b b br) —
( ) f (g(<bl+bg+b5+b7) (by + bg + b5 + 7)15)
1 1
— (t2 — t_2) (6163 + b1bs + biby + bsbs + bsbr + bsby — (t2 + t_2)>)

1 1 1 1 1\1
22— — )= b b byt—|(—+—+—+—] -
/(g( t2) ((1+ 3 + 05 + 7) (bl+bg+b5+b7)t)>

OOobOooooboobofOo0obDO0bDO0bO0ObgbO0ODOODOODODODODO
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4 Additive type

Multiplicative type DO O OO0T = e, A =1+e\, F =24 e2f, G =24 €%g, By = e 0O
O00e—0000000000O€DOAdditive typed OO DOO0O

4.1 Painlevé equation

00 5 (ORG[1]). A" 00000000000 (31),32) 07T =e', A=1+e\ F =
2+2f, G=2+¢€g Bi=eb 00000e—0000000000000 AV*0000
0o00oO00oOoooon

(f—g+@+N)(f—g+42) +4fQ2t+ N2t _f*+ Sof* + Suf? + Sef + Ss

(4.1)

U(f—g+ 2L+ N+ 2+ N (f —g+42) = S f3+ 552+ S5f + 57
(42) @—i+cn—M%@—f+@%+@@pa&%_2¢+zw&+&f+zw+zg
' 20— f+ 2= N+ 2= N)(g— f+42) 7 L¢3+ T39° + X9 + s

0000g=gt+\),f=ft-XN,A=L3° 5,0000S0¢=b+t(j=1,...,80
000«00000000%,0d,=t—b0000:00000000000 O

gbobobbougoobboboooboboooooboobog

AV*O00000P xPO0D0000000000000000000(f,¢)0 P! x P!
00000000000000000000000000000000000000000
000000000

(4.3) (f —g)* = 8t*(f +g) + 16t* =0,
pir (i +0)%E—=0)%) (i=1,...,8).

gobboogoobboboogbobobooogooo

Xmﬂ:—%,xmﬁzéwﬁwﬁ+u xmazé@—QA)u:&”wn

1
2

(4.4)

X(as) = 5(8 — b), x(a0) = (b5 — br)

0000
000000000000000000000000 WEM) =(w (i=0,1,...,8))0
00000000000000000000
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W(Eél))—symmetry

by by b3 by
Wa: i tg

bs bs b7y by

45) by — 3L by — BHEUER by 2Oy 2R _ 2ibitly g

( ) b5+ 2t+b41+b2 b6+ 2t+b41+b2 b7+ 2t+bi+b2 bS+ 2t+bi+b2 ! 4 ’ ’
w1 - (t, f,g) = (—t,g,f), w; : (bi_l,bi) = (bz‘,bz‘—l) (2 :3,...,7),

ws . (61,62) — (bQ,bl), Wo . (67,68) — (68,67).
0D000gOo

(by+1)° g — (t — by)°
(by4+1)>g — (t —by)”

g— (2t —t5h)
~ _ 2
7 (20— yt)

:f_
f—
googo

00[400000(x:y:2)0P00000000000000000000AMN™0
0000000000

(4.6) Y’z = 42,

(4.7) 9
X(ap) = (ag —ag) /N, A= Z a;.

i=1
gbobuogoobboobbbooobobbbooogoooon

3 1 i 1
(48) bl = —§(a1+a2), bz :2ai+1+§(a1+a2) (222,...,8), t= 5(@1—@2),

_ —6ajz + aly + 8z

4.9 =

(4.9) / 2x 4+ a1y

(4.10) _ —6a§x—|—a§y—|—82'
2x + asy

gobboogoobboboogbobobooogooo

gbbbbudd guooobobogobbbuoooobobooobobobod
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W(Eél))—symmetry

wa: (617027tag> = (_027 _clat - 011—02’§)’
wy: (¢, t, f,9)— (¢; —2t,—t, g, f) (i=1,...,8),
(411) ( )= ( ) )
W; . (Cz‘_l,Ci) = (Cz‘,Ci_l) (2 = 3, e ,7),
ws: (c1,¢2) — (c2,¢1), wo: (c7,c8) — (cs, 7).
000 o

2

g-(2t-5%2)  f-dg-(2t—c)

§— (2t — =mre)?  f—clg— (2t —cy)°

O0000D0G, GO

_fogra s fogt (2 ey
4t ’ 4t—01—62

OOobOoobooboobOGooooooooogo

5 (ftcae)G—(a+e)f
(4.12) G= —(c1 + )G+ (f +ac)

OO00O0o0o0O0ob0Oobooog pGLODOO

(4.13) b ( f+ecc —(a+e)f ) o
—(01 +02) f+6162

G

Y

googdd

W(Eé(;l))DDDDDDDDDDDDDDDDDDDDDDDDDDDDD
A surface P
= W1 0W20wW30 WO W4 OW3OW20W5OW,OW30 WO WgO W50 Wy ©OW3gO
(4.14) O Wy O W7 O We O Ws O W4 O W3 O Wg O Wy O Wy O We O Ws O W4 O W3 O W O Wy O
O W9 O W3 O Wy O W5 O We O Wy O Wy O W O W3 O W, O Ws O Wg O Wy O Wy O W3O

O W4 O W50 WeOWg O W30 WqgOWs0 W20 W30 WO WO W3O Wy -

8

B 1
41 A . a =1.... == -
(w15 tf.9) = Bt 4 ATD) (=18 A=530

0000g0 G,GO0

g +a
N 4t ’

B Rt D RTC) L e R C RPN
at =30 ¢ —4t — 2

G g
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goboogoogoboobbouoooooood

( [+ cres —(C7+Cs)f> ( f+csce —(05+C6)f>

—(cr+c¢s)  fHcres —(cs+cs) fHcses

(4.16) , ( fesen —(es+a)f ) ( fHeac —(a+e)f ) .

—(c3+ ¢4) f+cseq —(c1+ ¢2) f+ce
[ PSP Suf? A+ Sef 4 Ss —(Suf?+ Saf? + Ssf +50)f o
—(S1fP+S3f?+S5f +S7) [P+ Sof? 4+ Suf? 4+ Sef + Ss
DDDS,DqDDDDz’DDDDDDDDDDDDDDD

GG —f _ [+ 57+ Suf? + Ssf + S
G-G Sif*+ S3f? + S5 f + 57

000000000000 g0O0O0O00O00O0OOODODODO 4H)OOOO
oooof00000 F,FO

(4.17)

g [+
N —4t

g2 d) g f (2t

F
—4t + Zle d; 4t — 2\

., F

goboogoogoboobbouoooooood

Fo_ <g+d7ds (d7+ds)g><g+d5d6 (d5+d6)g>

d7 + dg g + d7d8 d5 + d6 g + d5d6

(4.18) ‘ <g+d3d4 (ds + di)g ) <g+d1d2 (dy + do)g ) i

ds +dy g+ dsdy di +dy g+ dids
9 S R+ Teg + s (B1g” + g + Dsg + r)g P
S+ SR+ S0+ 4 S+ S+ ey + s )
D0O0di=t—b (i=1,...,8)0000%,04d;0000:;000000000000000

FF—g  g"4+ %29 + 349> + Yeg + s

4.19 =
(4.19) F—F Y19° + B39” + Ysg + Er

000000000000 fOODOOOO0ODOOOOOODO 42)0000
0000000 [1jo0000000o0ooooo
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4.2 Hypergeometric equation

00 6. A"000D0ODOO0O0O0O0000000000 BiB:B:B;=10000000
00000000000000000 (3.24),(3.25) 0 T =e%, A =1+4e\, F =2+6f, G =
2+¢g B;=e* 00000e—0000000000000 AY"0000000000
0 (4.1),(42)0000000000 b +b5+bs+b;=0000000000000000
00000000 O000O0000

(4.20)

(4.21)

O000t=t+A 0000

fg g f

(by + )2t — b1)? (t—01)* (b +1t)?
(bs +t)%(t — b3)? (t —b3)® (b3 +1t)?
(bs +)%(t — b5)? (t —b5)* (b5 +1t)?

—

gboobooogbboboooooboboooaon

Ooooodoun+b+bs+b0;,=00000000000000

obooobooobrooobogon

(4.22)

fg g
(by +t)%(t — b1)* (t — by)?
(b3 +t)2(t — b3)? (t — b3)?
(bs +t)2(t — bs)? (t — bs)?

24

g g f

(bs +t)%(t — bg)? (t —bg)® (bg +t)?
(be +t)2(t — bs)? (t —bg)* (b +t)*
(ba+ )2t — bs)? (t —by)® (bg+1t)?

—_ = =

—_ =

—_ = =




—_ = =

0000 /00w, 00000000 OOOO0O0OO0O0
f9 g f
P (2t +c2)? (2t +)?
(2t —c3)? (26 —c3)® 3
22t —c5)? (2t —c35)? 2

(4.23)

f g L& @2t—c)* 1|
1 E @2—a)? 1|3 2t—c)?* 1|
2 (2t —c)? 1 || & (2t—c3)* 1 || ¢

-1

(Qt — 61)2 1
(Qt — 62)2 1
(Qt — C5)2 1

O00/=0=/=0000000000000000000000000000

fg

(4.24)

00D /I=0=Z=0000000000

fg

~i

(4.25)

(b1 + )t —b1)* (t—b1)?
(bs +1)*(t — bs)* (t — bs)?
(bs +1)%(t — bs)* (T — bs)?

g f

(bs + t)%(t — bg)* (t —bg)? (bg+1)?
(bs +t)%(t — be)* (t —be)? (bg+1)?
(by + t)Q(t_— 54)2 (t — 54)2 (by + t)?

g f

(b +1)?
(bs +t)°
(bs +1)°

1
1
1
1

—_ = =

O00000I=0=7=000000000007=00000 f,g0 b +bs+bs+b;=0

gboboogooboboogoobog

0000000 f,¢g0000 (4.20),(421)000000

gobobouogggooo

(4.26) Afgt

+ £ (b1 + b3) (b1 + b5) (b3 + bs) + 2(b1bs + bibs + bibr + bsbs + b3br + bsbr)t + 4t°)
— g ((b1 + bs)(by + bs)(bs + bs) — 2(b1bs + bibs + biby + bsbs + bsbr + bsbr)t — 4t%)
— 4t (—b1bsbsbr + (b1bs + bibs 4 bibr + bsbs 4 bsbr + bsbr)t* + 3t*) = 0,
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(4.27) 16fg(t + 1)

+ 8f ((bg + ba) (b2 + bg) (ba + bg) + 2(baby + babs + babs + babs + babs + bebs)t + 4¢%)

— 87 ((ba + ba)(bs + bg) (bs + bg) — 2(baba + babg + babs + babg + babs + bebs)t — 4¢°)
— (t+ 1) (—16bababebs + 4(bobs + babg + babs + babg + babs + bebs)(t + 1) + 3(t +1)*) =0

00000000000000
(4.28)
g = <—8f ((62 -+ b4) (bQ -+ bﬁ)(b4 -+ bﬁ) —+ 2(b264 + babg + babg + babg + babg + bﬁbg)t + 4t3)
-+u+a(—mmm%%+4wwm+@%+bwy+m%+wwg+%%xt+02+3@+ﬂﬂ)
/(165(t +B) = 8((ba + ba) (b + bo) (b + )

—%@M+@%+@%+M%+M%+%%ﬁ—%ﬂ)

(4.29)
f= <g ((by + b3) (b1 + bs) (bs + bs) — 2(brbs + bibs + biby + bsbs + bsbr + bsbr)t — 4t%)

o 4t (~bibsbsby + (baby + babs + bibr + babs -+ babr + bsbr)t? + 3¢°) )

/ (4gt + ((by + bs)(by + bs)(bs + bs) + 2(bibs + bibs + biby + bsbs + bsbr + bsbr)t + 4¢%))

OOobOooooboobofOo0obDO0bDO0bO0ObgbO0ODOODOODODODODO
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5 Agl)-surface hypergeometric equation

Multiplicative type DO 00 t = T2 X = A2 F = Qfp'/*/T, G = QqgTp'/*/g, B; =
Qbip1/4 (2 = 1, e ,4), Bz = p1/4/(sz) (2 = 5, .. .,8), P = \/61626364/(b5b6b7bg) OooooQ —
~O0oooooooooAdAYooooooon

00 7. A 0000D000O00000000000000 BiB:B:B;=10000000
00000000000000000 (3.24),(3.25) O 0p = \/bi1babsbs/ (bsbsbrbs), t = T2,

A= A2 F = QfpY*T, G = QgTp'*/g, B; = Qbip"/* (i = 1,...,4), B; = p"/*/(Qb;) (i =
5...,8)00000—occ000000000000AY0D0O0D0DOOOOOOOOODOO
O00000bb; =bibyp 000 000000000000000OO0OODOOOOOOO0OO

fg 9 f
t2 t/by byt
t2 t/bs bst
1 1/bs bs
fg g f
1 1/bs bg
1 1/bs bg
tt t/by byt

1

1
(5.1) ~ 0,
1
1

1

1
(5.2) = 0
1
1

O000¢t=tA0000 U

gboobooogbboboooooboboooaon

AV*ooooooooooooo AY00000000O000(f,¢)0P xP' 0000
000000000000000000000000000000000000000000

(5.3) (fg—t)(fg—1) =0,
pi (@ué) (i=1,...,4), ]%:(@,%) (i=5,...,8).

0000000000 A*00000000000 (3.1),32) 000000 4Y000
00000000000000 [1)0

(5.4) (fg —t) (fg —t*) _ (S = bat)(f = bat)(f — bst)(f — bat)
(fg—1(fg—1) (f =0s)(f = be)(f —bo)(f —bs) ~
(5.5) fg—ﬁ(ﬂr%ﬂ _ (Q—U%XQ—U%XQ—U%XQ—UMX
(fg—1) (fg—1) (9 —1/b5)(g — 1/be)(g — 1/b7)(g — 1/bs)
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0000000000000000 (3.24),(3.25) 0000000000000000 bsby =
hbsp00000000AY 00000000000 00000000000000 (5.1),(5.2)0
0000g /0000000000

F(1 —tt) 4 t(L(bs + bg) — by — by)
g(be + bs — t(ba + ba)) + bebs(tt — 1)’
gbsbr(t? — 1) + t(by + bg — t(bs + b7))

g(t(by+0b3) —bs —b7) +1—1t2

(5.6) g =

(5.7) =

O0000000000ORamaniet al.2l0 00000000
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(100 A Parameterization

000000000 P xP'O0000O0000O0000P xP 000000000000
00000000000 000000000000P xPO000000000000
O000000000000000000000000000000000000000 2
0000000000 000000000200w00000000000002-0000
00 D,00000000000000000000000 Hy(X —Dyey,Z)000000
00000000 O000O00000

(A.1) ﬂm:/@,reﬂxx—a%m.
I
000 Hy(X — Dy, Z) 000000000
(A.2) 0 — Hy(Dyed, Z) — Ho(X — Dyeq, Z) — Q(R*T) — 0,

0000QRY O R O0O0O00D0O00000000QR 0D0000000000000O
00000000000000000000

(A.3) X:Q(RY) —C  mod X(Hy(Dyea,Z)).

0000000000 RAO0D0ODO0ODDO0DOO0D0O0O0OO0D0O0DODOO0O

1
noooooooooo AV =gPoooon

041:H1—H0, 042:H0—61—62, ; = i—l_gi(i:3,---,7),
ag=2~& — &, ay=¢&E —&

(A.4)

D000000000H,H, 0P xP 0000000 AY00000000000000
0000&Op 0000000000000000000

oo
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