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Abstract

An extension of the two-component KP hierarchy by using a time
dependent spectral parameter is proposed. The linear system whose
coefficients are 2 X 2 matrices is obtained from the hierarchy through
a reduction procedure. The Lax pair of the sixth Painlevé equation
is obtained from this linear system. A unified approach to treat the
other Painlevé equations from the usual two-component KP hierarchy
is also presented.

1 Introduction

In this paper, we deal with the Painlevé equations, the soliton systems, and
the relations between them. In the beginning of this section, we explain the
historical review of them. We first mention the Painlevé equations. We pay
attention to the connection between them and the monodromy preserving
deformation of linear differential equations. We touch on the soliton systems
next. The Kadomtsev-Petviashvili (KP) hierarchy arises from the isospectral
deformation of the eigenvalue problem. Moreover, we refer to the relations
between the soliton systems and the Painlevé equations. They are backed by
the connections between the isospectral deformation and the monodromy pre-
serving deformation. We describe the purposes in this paper based on these
facts. The aim of this paper is to clarify more definitely these connections.
We construct an extension of the two-component KP hierarchy by using a
time dependent spectral parameter. We prove the relation between this hi-
erarchy and the sixth Painlevé equation. We also show the relation between
the usual two-component KP hierarchy and the other Painlevé equations.



1.1 Painlevé equations

P. Painlevé studied on second order ordinary differential equations of the

form
d*y dy
—Z =F(ty = 1.1

where F' is analytic in ¢ and rational in y and dy/dt. He sought the equations
whose only movable singularities are poles. This characteristic is known as
the Painlevé property. He found the six new equations known as the Painlevé
equations ([28]):
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The Painlevé equations also appear in the problem of the monodromy pre-
serving deformation of linear differential equations. R. Fuchs considered the
second order linear differential equation of Fuchsian type:

T i (1.9



with the four regular singular points, A = 0, 1, oo, ¢ and the apparent sin-
gularity A = y. He proved that the sixth Painlevé equation, Pyy, describes
the condition that the linear differential equation has a fundamental system
of solutions whose monodromy is independent of a variable ¢ ([4]). A result
obtained by R. Garnier is connected to the isomonodromic deformation of
the second order linear differential equation with irregular singularities. He
showed that the other five Painlevé equations, Py, Pr, P, Pry, Pv, are
obtained from completely integrability conditions of extended systems of the
linear differential equation ([6]). L. Schlesinger considered the isomonodromic
deformation of the linear system of the first order differential equations with
regular singularities:

AV~ A,
— = v 1.9
dA ; A—a, (1.9)
and obtained the system of nonlinear differential equations ([31]):
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where
[Am A= AA, — AJA,.

This system is obtained from the complete integrability condition of the
extended system of (1.9):
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M. Jimbo, T. Miwa and K. Ueno established a general theory of monodromy
preserving deformation for the matrix system of first order linear ordinary
differential equations with regular or irregular singularities:

dv

=AY, (1.14)



where

A(N) :Zi( ‘i;}y ZAOOM ? (1.15)
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They defined monodromy data as a set of Stokes multipliers, connection
matrices and exponents of formal monodromy, and they provided that the
generalized monodromy preserving deformation is the deformation that mon-
odromy data of a fundamental system of solutions are preserved ([8]). M. Jim-
bo and T. Miwa presented the linear systems with 2 x 2 matrices that the
Painlevé equations are obtained from the compatibility condition of them
([9]). This linear systems are called the Lax pairs for the Painlevé equations.
When A()\) (1.15) has a pole of degree 1, at A = a,, the equation (1.14) is
said to have a singular point of Poincaré rank r, —1. We associate with each
of A\=a, (v =1,...,n) a natural number r, such that the Poincaré rank of
A = a, is given by r, — 1. We also associate with A\ = oo a natural number
Ts such that the Poincaré rank of A = oo is given by 7o, — 1. Then we
can represent such a system of linear differential equations by the following
symbol:

(7“1,7’2,...,7’”,7“00)‘ (116)

The system of linear differential equations considered in the studies on the
Schlesinger system (1.9) is of the type:

(1,1,...,1). (1.17)

By the use of this notation, the correspondence of the types of the linear
system with 2 x 2 matrices to the types of the Painlevé equations is the
following:

Pyr: (1,1,1,1), (1.18a)
Py: (1,1,2), (1.18b)
Prv: (1,3), (1.18¢)
Pr: (2,2), (1.18d)
Py: (4). (1.18e)



1.2 Soliton systems

The soliton theory grew from the study of the Korteweg-de Vries (KdV)
equation. N. J. Zabusky and M. D. Kruskal studied the behavior of the
numerical solutions of the KdV equation. They found that the solitary wave
solutions had behavior similar to the superposition principle, despite the fact
that the waves themselves were highly nonlinear. They named such waves
solitons ([36]). This result led C. S. Gardner, J. M. Greene, M. D. Kruskal
and R. M. Miura to the discovery of the inverse scattering transform method
to solve the initial value problems for the KdV equation ([5]). P. D. Lax
showed that the KdV equation is equivalent to the isospectral integrability
condition for pairs of linear operators, known as Lax pairs. If we introduce
the differential operators,

L=0+u, (1.19)
s 3 3
B =0, + —ud, + -0,u, (1.20)
2 4
then the inverse scattering scheme for the KdV equation is written by

L) = \y, (1.21)
o = By. (1.22)

If the eigenvalue A is independent of x and ¢, then the compatibility condition
of the equations (1.21) and (1.22) yields

a,L = (B, L], (1.23)

which reduces to the KdV equation ([18]). An extension of the Lax equation
was given by V. E. Zakharov and A. B. Shabat. They treated the following
equation for linear differential operators:

9,B — 8,C + [B,C] =0, (1.24)
where
B=> b0, (1.25)
§=0
C=> c;0l. (1.26)
§=0



The equation (1.24) is obtained from the compatibility condition of

oY = By, (1.27)
By1p = Cip. (1.28)

By choosing suitable operators B and C', we can obtain several soliton equa-
tions from the equation (1.24). If we put

B=0+ guax + v, (1.29)
C =0 +u, (1.30)

then the KP equation is obtained. If we suppose that u is independent of
y, then the KP equation reduces to the KdV equation; see [37]. M. Sato
constructed the KP hierarchy and the multi-component KP hierarchy that
include the KP equation. He discovered that the solutions of the KP hierar-
chy constitute an infinite-dimensional Grassmann manifold. He believed that
any integrable system constitutes a submanifold of this infinite-dimensional
Grassmann manifold. The unified approach to integrability makes us under-
stand algebraically and geometrically integrable systems with infinitely many
degree of freedom and their solutions ([29, 30]). This approach is known as
the Sato theory at present ([27]).

1.3 Relations between soliton systems and Painlevé
equations

The Painlevé equations are treated in the research of the mathematical
physics. It was found by T. T. Wu, B. M. McCoy, C. A. Tracy and E. Barouch
that the correlation function for the two-dimensional Ising model in the scal-
ing region satisfies Pyy; ([35]). In the soliton theory, it was demonstrated by
M. J. Ablowitz and H. Segur that similarity solutions of the soliton equa-
tions satisfy the Painlevé equations ([2]). M. J. Ablowitz, A. Ramani and
H. Segur conjectured that a nonlinear partial differential equation is solvable
by the inverse scattering method only if every nonlinear ordinary differential
equation obtained by exact reduction has the Painlevé property ([1]). The
relation between the isomonodromic deformation and the isospectral one was
discussed; see [3, 10, 32, 33]. M. Jimbo and T. Miwa described a procedure
to reduce the isospectral deformation into the isomonodromic deformation



consistently by using the 7-function. Following the procedure, one can obtain
not only the Painlevé equations themselves but also the Lax pairs of them.
Prr and Pry were obtained through the reduction from the Pohlmeyer-Lund-
Regge equation and the nonlinear Schrodinger equation, respectively ([10]).
M. Noumi and Y. Yamada introduced a Painlevé system associated with the
affine root system of type A;l_)l including Py (Agl)), Prv (Agl)) and Py (Agl))
([26]). The systems are equivalent to similarity reductions of the n-reduced
modified KP hierarchy. The coefficients of the Lax pair for the system of type
A,(jll are n X n matrices ([25]). The similarity reductions of the Drinfel’d-
Sokolov hierarchies was investigated by T. Ikeda, S. Kakei and T. Kikuchi;
see [11, 12, 13, 17]. As a consequence, Py can be obtained from the modified
Yajima-Oikawa equation, and Pyy with four parameters can be derived from
the three-wave resonant system. In the papers, [13, 17|, since they dealt with
linear systems with 3 x 3 matrices, the coefficients of the Lax pair of which
they obtained were also 3 x 3 matrices. They showed that the 2 x 2 linear
system can be obtained from the 3 x 3 linear system by the method of using
the Laplace transformation ([7, 23]).

1.4 Purposes

We aim to seek systems of the isospectral deformations that are directly
reduced to the Lax pairs for the Painlevé equations. Specially, we deal with
the linear systems with 2 x 2 matrices, since the types of singular points of
the linear system with 2 x 2 matrices correspond to the types of the Painlevé
equations. We hardly find out such the correspondence of the linear system
with matrices of larger size to the Painlevé equations. Besides reductions
of the anti-self-dual Yang-Mills equations to ordinary differential equations
produce the Painlevé equations. The 2 x 2 linear system of the anti-self-
dual Yang-Mills equations is also reduced to the Lax pairs for the Painlevé
equations ([22]). Consequently many researchers treated the 2 x 2 linear
systems in order to investigate the Painlevé equations. We intend to study
the Painlevé equations by relating the properties of the soliton equations to
that of the Painlevé equations. In order to construct the signpost of this
approach, we try to formulate the holonomic deformation by using the Sato
theory.



1.5 Results

In this paper, we propose an infinite-dimensional integrable hierarchy that
is a source of the Lax pair with 2 x 2 matrices for Py;. This hierarchy is
an extension of the two-component KP hierarchy by using a time dependent
spectral parameter. The extension means that the hierarchy restricted to
be independent of the introduced time variable is equal to the usual two-
component KP hierarchy. We consider specially the (1, 1)-reduction of the
two-component KP hierarchy which is known as the nonlinear Schrodinger
hierarchy. We formulate the extended hierarchy by using the Sato-Wilson
formalism. We skillfully define the wave function which is a normal solution
of the linear system. This wave function is similar to the integrand of the
Gauss’s hypergeometric integral. This similarity might be related to the fact
that the linear system governed by Py for an appropriate parameter has a
solution that satisfies the Gauss’s hypergeometric equation.

Then we consider the holonomic deformation in the same way in the
isospectral deformation. We construct a system of linear differential equa-
tions in the spectral parameter A by using the wave function in the extended
hierarchy. In the Sato-Wilson formalism, the rules of the hierarchy are given
by the Sato equation for the gauge operator. We give a condition of the
linear system with the deformations by the Sato equation with respect to the
spectral parameter. This linear system is of the type:

(1,1,1, 00). (1.31)

We obtain nonlinear systems that describe the condition of the complete
integrability of the linear systems. If we reduce the type of the linear system
(1.31) to the type (1.18a), then the infinite-dimensional system is reduced
to a one-dimensional system. We show that Pyp is obtained from this one-
dimensional system.

We also present a unified approach to treat the other Painlevé equa-
tions from the usual two-component KP hierarchy. We explain the nonlinear
Schrodinger hierarchy by using the Sato-Wilson formalism. In each subsec-
tion, we define the different wave functions which are similar to the integrand
of the some degenerated hypergeometric integral. These definitions have no
effect on the two-component KP hierarchy, but an effect on the holonomic de-
formations. Namely the different Sato equations with respect to the spectral
parameter are defined. We construct systems of linear differential equations
in the spectral parameter \ by using each wave function. The linear systems



which are obtained are of the types:

(1,1, 00), (1.32a)
(1,00), (1.32b)
(2, 00), (1.32¢)
(00). (1.32d)

We obtain nonlinear systems that describe the condition of the complete
integrability of the linear systems. If we assume the following reductions for
the linear systems (1.32a):

(1,1,00) — (1,1,2), (1.33a)
(1,00) — (L,3), (1.33b)
(2,00) — (2,2), (1.33¢)

(00) — (4), (1.33d)

then the infinite-dimensional systems is reduced to one-dimensional systems
which yield the other Painlevé equations. It follows that the reductions of
the nonlinear Schrédinger equation give rise to not only Pry (see [10]), but
also PV and PIII-

1.6 Remarks

It is important to study the extension of the two-component KP hierar-
chy that we propose, because this system is a typical example of the non-
isospectral deformation, and directly relates Py;. Since the system is the
non-isospectral deformation, the solutions of this hierarchy do not constitute
the universal Grassmann manifold. We would like to know what the solu-
tions of this hierarchy constitute. F. Nijhoff, A. Hone and N. Joshi presented
that similarity reductions of a partial differential equation of Schwarzian type
(SPDE) lead to Py ([24]). They gave a Lax pair of 2 x 2 matrices type for
the SPDE. Therefore we consider that there is the relation between the sim-
ilarity reductions of the SPDE and our result. It is a future problem to find
this relationship.

1.7 Construction

In Section 2, we construct an extension of the two-component KP hierar-
chy by employing the Sato-Wilson formalism. In Section 3, we consider the

9



holonomic deformation based on this extended hierarchy and obtain the non-
linear system that describes the condition of this deformation. We present
that the nonlinear system reduces to Py;. In Section 4, we study the holo-
nomic deformation that contains the two-component KP hierarchy and show
that the nonlinear systems that describes the condition of this deformation
reduce to the other Painlevé equations, Py, Pryv, P and Pyp.

2 An extension of the two-component KP hi-
erarchy

In this section, we construct “an extension of the (1,1)-reduction of the
two-component KP hierarchy”. We formulate this hierarchy by using the
Sato-Wilson formalism. We obtain an integrable system from the Zakharov-
Shabat system.

2.1 Pseudo-differential operator

The multi-component theory of the KP hierarchy is established in the pa-
per, [29]. The n-component KP hierarchy is formulated by matrix pseudo-
differential operators of size n x n, instead of scalar ones used in the one-
component hierarchy. We explain some notation about the matrix pseudo-
differential operators of size n x n.

The action of the differential operator 0, on an n x n matrix f(z) is

0.1(r) = - f(x).
The operator 9; ' is defined by
0,0, =0,'0, = 1.
Pseudo-differential operators are defined by using the operators 9, and 9;!.

Definition 1. A pseudo-differential operator with matrix-coefficients of size
n X n is a linear operator,

A= am(@)dy,
m
where a,,(x) is an n X n matrix-valued function of x.

10



A sum of pseudo-differential operators is defined in the usual way by
collecting terms, and their product is defined by the following extension of
Leibniz’s rule,

AB = Zam )by ( ZZ( ) ()™ (z)om+nF,

m,n k=0

k 1 (k = 0).

We define the differential operator part of a pseudo-differential operator A
by

where

Ay = Z am ()0

m>0

A pseudo-differential operator possesses a unique inverse, denoted by A1

2.2 Sato Equation

In the Sato-Wilson formalism, a pseudo-differential operator called the gauge
operator plays an essential role. The coefficients of the gauge operator are
dependent variables in the soliton system. The condition of the isospectral
deformation is given by the Sato equations that the gauge operator should
satisty.

We define the gauge operator of size 2 x 2 by

W=T1+Y wad,* (2.1)
k=1

whose 2 x 2 coefficients matrices wy (k > 1) do not depend on the parameter
x. This condition for the coefficients is equivalent to “the (1, 1)-reduction”.
The gauge operator W can be used to define the operator

U=Wo W' =05+ Z u;ﬁ;k, (2.2)
k=1

11



where

(1 0
0'3—0_1.

The first few uy’s are

uy = [wy, 03], (2.3a)
Uy = [wy, 03] — [wy, o3]wy, (2.3b)
uz = [ws, 03] — [wa, o3]wy — [w1, 03] (w2 — w1?) . (2.3¢)

We introduce a differential operator

M = =30, + 202 + 03 (—c@m + Z ntn6;+1> . (2.4)

n=1

By employing the gauge operator W and the differential operator M, we
define differential operators B and B,, (n > 1) by

B=(WMW™), == Rk, (2.5)
k=0
n—1
By = WasOW™) = 0k + 030 (n>1). (2.6)
k=0
where
Ry = wy + cuy — Zntnunﬂ, (2.7a)
n=1
Ry =~I+ co3 — Z nt,ty,, (2.7b)
n=1
RQ = —xl — t10'3 — Zntnun,l, (27C)
n=2
Ry=—(k—1t103— Y ntytp_per (k> 3). (2.7d)
n=k

12



Matrix operators

W:I+iwk()\—t)k, (2.8)
k=1
U203+iuk()\—t)k, (2 9)
k=1
_ Y x > nt,
M—I(—)\_t—f-()\_t)z)-f-dg(—)\_t-f-zl()\ t)n+1>> (2.10)
—~ R
B:_I;(A—kt)k’ (2.11)
Bn:n_l L =) (2.12)

are obtained from the pseudo-differential operators by replacing 0, with (A —
t)~!. We assume that the matrix operators satisfy

W = BW — WM, (2.13)
0, W = B,W — W (n>1), (2.14)

(A—t)

which we call the Sato equation hereafter.
Let us now define a wave function.

Definition 2. A wave function ¥(\) is defined by the following expression:
U(A) = WWy(N), (2.15)

where

To(A) = A%\ — 1P (A — 1) exp (%)

X diag{/\a(/\ — 1)°(\ —t)°exp (

n=

AN = 1) (A —t)Cexp < 3 ) }

13

(2.16)
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The elements of the wave function are similar to the integrand of the

Gauss’s hypergeometric integral:
(o)
LG)T(c—0b)
We note that the matrix-valued function Wg(\) satisfies

1

O Vo(A) = MUo(A) = MUg(N),
O, Vo(N) =

2F1(a7 ba (6 t) =

_%
(A—1)
This leads to the following theorem:

1
/ APTHL = X)L — tA) T
0

~Wo(A) = 030, ¥o(A) (n>1).

(2.17)

Theorem 1. If a matriz operator W satisfies the Sato equation (2.13) and
(2.14), then the wave function W(X) which can be derived from W satisfy the

linear systems,

0.0() = ¥,

8,T(\) = BU(N),
9, U(\) = BU(\) (n>1).

n

Proof. We have
0, V() = 0. WW¥o(A)
=Wao,Wo(N)
1
A—t
= LW\IJO()\)
A—t
1
= E‘I’O\),
since 0, and W are commutative. We find
U(N) = 0, (Wy(N))
— (W) Us(N) + W (D e(N)
= (OW)Wo(A) + WMTy(A)
= (OW +WM)W1¥())
= BU()\)

=W

Wo(A)

14

(2.21)

(2.22)
(2.23)

(2.24)

(2.25)



by the Sato equation (2.13). We obtain
O, W(A) = Oy, (WTH(N))
= (0, W)Wo(A) + W (0, Wo(N))

Wo(

= (0, W)Wo(A) + Wﬁmo(/\)

03

= (ath+W(A_t)n) Wo(A)
= B,T(\)

by the Sato equation (2.14).

(2.26)

O

If we set = 1/(A —t), then the linear systems (2.21) and (2.23) are the
(1, 1)-reduction of the two-component KP hierarchy itself. It goes without
saying that the spectral parameter y is independent of ¢, (n > 1). The time
dependent spectral parameter means that the spectral parameter 1 depends

on the time variable ¢, that is, O,u = p?.
The Sato equations also lead to the following theorem:

Theorem 2. If a matriz operator W satisfies the Sato equation (2.13) and
(2.14), then the matriz operators U, B and B, satisfy the Lax-type systems,

o,U = [B,U],
at U = [BTL)U] (TL Z 1)7

n

and the Zakharov-Shabat systems,

Oy, Bn — O, B + [Bn, Bl =0 (n,m > 1).

(2.27)
(2.28)

(2.29)
(2.30)

Proof. From the definition of the pseudo-differential operator U (2.2), we

find
U=Wa;WL

Therefore we have

U — [B,U] = 0,(WasW™) — [B,WasW™]

= [(OW — BW + WM)W " Wo3W ']

=0

15

(2.31)

(2.32)



by the Sato equation (2.13). We obtain
o, U — [B,,U]l =0, WaosW™1) — [B,, WasW ™!
K@Mfzﬂv+WQ_w)mr%W@W4}(xm
=0
by the Sato equation (2.14). We find
0B, — 0, B + [By, B]

o { (0w s Y}
+ 0, {(OW — BW + WM)W ™'}
7]

— [Bn, (W — BW + WM)W

K%W BW+WQ_ﬂ)WH@W+WMW/q

=0
(2.34)

by the Sato equations (2.13) and (2.14). We have

O, Bn, — O, B, + [Bn, B

:_@m{chmf B‘V+WQA—Q,>WH%
#0. 4 (3w - B s w2 w
- [ (G = B i

(R TAR PY PRI P

=0

(2.35)
by the Sato equation (2.14). O

The systems (2.30) are equal to the Zakharov-Shabat systems in the (1, 1)-
reduction of the two-component KP hierarchy. The system (2.29) is the

16



additional one in the extended hierarchy. So new integrable systems are
obtained from the system (2.29). Since the left-hand side of (2.29) with
n=11s

8By — 0, B + By, B]

= Oy + atlwl + 03t1U1 — Uy — [Uh wl] - Zntn (8t1un+1 - [Ul, Un+1])
n=1

o0

= @t — [, 1] — (o3, ) 3 R Dl
n=1

— (A —t)k ’
(2.36)
we obtain a system
Oyuy + Oy w1 + €Oy ug — ug — [ug, wi]

— i Nty (O Uny1 — [u1, uni1]) =0, (2:372)
g Uy, — [, Jn]l— 03, Unp 1] =0 (n>1). (2.37Db)

If we set t,, =0 (n > 2), then the system (2.37) reduces to
Oy + Oy w1 + €Oy ug — ug — [ug, wy] — t1 (O us — [ug,us]) =0,  (2.38a)
Oy ur — [ug,ut] — o3, u9] = 0. (2.38b)

If we introduce the following parameterizations for the matrices

u = (2 "é) (2.39a)
<_“"’/2 / ) (2.39b)

U2

(i ?j;f) -
1Z w2 d—e); '

17



then we obtain a system

Opu —2f =0, (2.40a)

Onv+29=0, (2.40b)

O —2(1—c) f —t10,, f + 2eu + tyu’v = 0, (2.40c)

O —2(1+¢)g—t0,9 — 2ev — tyuw* = 0, (2.40d)
1

O e — Juv = 0, (2.40¢e)

O, d = 0. (2.40f)

Remark 2.1. We have formulated the hierarchy by using the pseudo-differen-
tial operators. We can also formulate that by using the difference operators
(see [34]). If the gauge operator W does not depend on the parameter ~,
then we have

1
eTT(\) = ——T(N). (2.41)
A—t
Therefore the difference operators are obtained from the pseudo-differential
operators by replacing 9, with e=%.

3 The extended two-component system and
the sixth Painlevé equation

In this section, we consider the holonomic deformation based on the inte-
grable system in the previous section. We give a condition of the linear
system with the deformations by the Sato equation with respect to the spec-
tral parameter. We show that the condition of the holonomic deformation is
described by a system that reduces to Pyy.

18



If we introduce a differential operator
V:I(a{1+(t— 1)9,} + B (1 +td,)
{1+ @2t -1)0,+t(t—1)02}
— 2 {0, + (2t — 1)+ H(t — )83})

+03(a{1+(t—1)8x}+b(1+t6m) (3.1)
+c{1+ (2t —1)0, +t(t—1)02}
— Znt {an an+1 _'_t( an+2})
then the matrix-valued function Wy(\) (2.16) fulfills
AN—1
%&\\PO()\) — V(). (3.2)

By using the gauge operator VW and the differential operator V, we define a
differential operator C by

C=Www), =) ok, (3.3)

19



where

co=(a+ B+ I+ (2t —Dwy — t(t — 1)(—2wq +w?)
+a{os+ (t — Dur} +b(o3+ tu)
+ c{os+ (2t — V)ug + t(t — us} (3.4a)

- Z Nty {un + (2t — Dy + t(t — Dupio},
n=1

= (a(;— D+ pt+~v2t—1)—a)] +t(t — 1wy
+a(t —1)os + btog + c{(2t — 1)og + t(t — 1)uy }
—ty {og + (2t — Dug +t(t — Dus} (3.4b)

=ty {ttnoy + (2t — Duy + £t = Dt}

cy = (’y:(:t —1)—(2t—1)x)] +ct(t—1)os

- Z Nty {tn_o+ (2t — Duy1 + t(t — Duy},

n=3
C3 = —t(t — ]_)ZEI — tlt(t — 1)0‘3 — 2t2 {(Qt — ]_)0'3 + t(t — ]_)Ul}

—3ts{os + (2t — Dug +t(t — 1)us} (3.4d)

- Z Nty {tn_3+ (2t — Duyo +t(t — Duy1},

C = —<nk5:— 2)tk_2t(t — ]_)0'3 — (k’ — ]-)tk;—l {(Qt — ]_)0'3 + t(t — ]_)Ul}
— ktp{os+ (2t — Duy + t(t — 1)uz}
= Y nty i+ (2 = Dttg_per + 1t — Dtpa} (k> 4).

n=k+1
(3.4e)
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We introduce matrix operators

_al+aos  BI+bos I+ cos = nt,os
S U | A —t Z()\—t)"“’ (3:5)
A—t > CL
A= ) (3.6)
AA—1) ,;; A —t)"
We note that
MWWo(A) = STu(N). (3.7)

We assume that the matrix operator A satisfies the Sato equation with re-
spect to the spectral parameter:

W =AW —WS. (3.8)
This leads to the following theorem:

Theorem 3. If a matriz operator W satisfies the reduction condition (3.8),
then the wave function W(\) (2.15) satisfies the linear system

WY (N) = AT(N). (3.9)
Proof. We have

MT(N) =y (WW(N))
= (O\W) Uo(A) + W (8xT(N))

= (W) Wo(A) + WSTH(N) (3.10)
= (W + WS)W1¥()\)
= AU())

by the condition (3.8). O

The Sato equations also lead to the following theorem:

Theorem 4. If a matriz operator W satisfies the Sato equation (2.13), (2.14)
and (3.8), then the matriz operators U and A satisfy the Laz-type systems,

U = [A, U], (3.11)
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and the matrix operators A, B and B,, satisfy the Zakharov-Shabat type sys-
tems,

0,A— 0\B +[A,B] =0, (3.12)
0y, A—0\By +[A,B)] =0 (n>1). (3.13)

Proof. We have

WU — [A, U] = O(WasW ™) — [A, Was W]
= [(OW — AW + WM)W ' Wos W] (3.14)
=0

by the Sato equation (3.8). We find

8,A— 0\B +[A, B]
— 0 {(OW — AW + WS W1
+ o {(@W —BW + WM)W 1}
— [A, (AW — BW + WM) W]
— [(OW — AW + W)W (W + WM) W]
=0

(3.15)

by the Sato equations (2.13) and (3.8). We have

Oy, A — O\B, + [A, B,]
= =0, {(OW — AW +WS) W'}

—_ 0-3 -1
vof (o - s wi i)

—L&(@JV—j%Wﬁ+W%AT%n)W7ﬂ (3.16)

-{@muAW+WaW1(%W+Wa%N)Wﬁ
~0

by the Sato equations (2.14) and (3.8). O
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If we introduce matrices

P——
2o
= ol + 2w, — 2(t — 1) (2w + w,?)
+a(os + t(t — Vug) + bt?uy + ct*(uy + (t — 1)uy)

— 12 "ty (g1 + (6= Dtny2)

Q:Z(lj#
=0

= BI — (t — 1)*w; + t(t — 1)* (—2ws + w?)
—a(t —1)%uy +b(os — t(t — Duy) — c(t — 1) (uy + tuy)

+(t= 1))ty (tngr + ttnga)

n=1
then the relation

£+ Q _RO:aI—i—aag G1 + bos
t—1 t t—1

holds. Then we have

_'_ Z _tk’

k=1

(3.17a)

(3.17b)

(3.18)

(3.19)

where the matrices Ry are given by (2.7). If we put ¢, =0 (n > [), then we
have R, =0 (k > 1+ 1), and A has a pole of degree [ at A = ¢. In this case,
the linear system (3.9) is said to have an irregular singular point at A = ¢ of

Poincaré rank [ — 1.

By using (2.11) and (3.19), the left-hand side of the system (3.12) becomes

A — O\B + [A, B]

(at

o0

~. R
) < [Q -7

k=1

23
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A—1

(@Rk + [Ro, Ri] + A {( £)ikil * (1— ngl’RlD

1
(A=t)*
(3.20)




It follows that we obtain the systems

o,P — | P, i (i)l =0, (3.21&)
=0 -
00 Rl
0Q — [Q, Z m =0, (3.21b)
=0 |
o0 P Q e
O Ry, + [RO,Rk] + Z |:(_t)l—k+1 —+ (1 — t)l—k-i-l’Rl =0 (k > 1)_ (3.21C)

=k

If we put t, = 0(n > 1), x = 0, then the coefficient matrices reduce to
Ry =~I + co3, Ry =0 (k > 2) and we have

o.P — [P, Ry — %} =0, (3.22a)
R
9,Q — [Q,Rﬁ - _14 =0. (3.22b)

We derive Pyy from the system (3.22). We use the following parameteri-
zation for the matrices P, Q:

P21 Po — D3
qo + a3 q12
= . 3.23b
© ( qo1 do — CI3> ( )

Because we find O;pg = 0yqo = 0 and Oy det P = 9;det Q = 9y det(P + Q +
Ry) = 0, we will put

p* = det P, (3.24a)
¢ = det Q, (3.24b)
n* =det(P+ Q + Ry). (3.24c)

If we set

(3.25)
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then we have

pi2 =ky, q2=k(1-—y). (3.26)
If we put
DPo+p3s  q+gqs —s+c
— y +y—1+ e (3.27)
then we find
ps = —QC(Ty_t)Q{y(y —1)(y —1)%2
=2y —t) (poly =)y —t) + qoy(y —t) + (y — 1)(—sy +ct)) 2
+ (¢ = 8) ((2po(t — 1) + 2qot — s(2t — 1) + ) (y —t) + (c — s)L(t — 1))}

1 2 2 Y 2
pO‘f‘QC(P qy—l nvyl,
(3.28a)

2 2
z

(y t)2 oy
—2(y—t) (poly = (y — 1) +qoy(y —t) +y(—=sly —1) +c(t = 1))) 2

+ (e = ) (2polt = 1) + 200t = 52t = 1) = )y — 1) + (c = )t(t — 1)) |

1 —1
—qO+—( p2y7+q +n(y—1))~

2c
(3.28b)
The integrability condition (3.12) yields
Pho o <p3 4q3 c ) (pu q12 )
— 4+ —— -2 + —
AoA—1 A -1 A=t t  t—1
(3.29a)

P12 pg—a g3 —0b c
2 =0
+ ( >< t—1+/\ t) ’

/
Py + D qo + 33 (p_ Q211> <P12 i q12 ) —0. (3.29b)
Y y— y y-
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Using (3.29), we have

dy _ 2y(y— 1y —1) P Qo 5
@ -1 (Z‘?‘y—ﬁy—t)’ (3:300)
% = 1){(—3y2 +2(1 4 1) — )2
+2(2y —1—=t)po+ 2y —t)go — 2y — 1)s)z —n”}  (3.30Db)
_(e=s)cts—1) ¥ ¢
(y —t)? (t—1y* ty—1)*
o logk = W=D (y(y—1)z—=poly — 1) —qoy +c(y —t) —a(t — 1) — bt)

(3.30¢)

From the differential equations (3.30a) and (3.30b), we obtain Pyr:

2y 1/1 1 1 dy\> /1 1 1\ dy

— =t —+—]) (=) [+ —=+— )=

a2 2\y y—1 y—t dt t t—1 y—t/) dt (3.30d)
W=D —0[ st ml—1) w1 |

pe—12 [Ty T -2 (y-0? ]’

/1122((]90—1‘%—5)2—”2), 52:—2(2902—272)7

/13:2(q02—q2), Ky = 2¢(1 — ¢).

+

(3.30¢)

4 The two-component KP hierarchy and the
other Painlevé equations

In this section, we study the holonomic deformations that relates to the
(1, 1)-reduction of the two-component KP hierarchy. We obtain the systems
that describe the condition of these deformations. We show that each system
reduces to each Painlevé equation, Py, Py, P and Pry.

4.1 The fifth Painlevé equation

We explain the (1, 1)-reduction of the two-component KP hierarchy. We show
that the systems that describes the condition of the holonomic deformation
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that contains this hierarchy as a part reduces to Py. Therefore we find
that Py is obtained through the reduction from the nonlinear Schrédinger
equation.

We define the gauge operator

W=T+) wd* (4.1)
k=1

whose 2 x 2 coefficients matrices w; do not depend on the parameter x. This
condition for the coefficients is equivalent to “the (1, 1)-reduction”. By using
the gauge operator W, we define a pseudo-differential operator U by

U=Wos W =05+ > ud,*. (4.2)
k=1

We define a differential operator B,, by

n—1
By, = (WosdiW™), = un 40 + 030y (n> 1), (4.3)
k=0
Matrix operators
W=T1+> wA™ (4.4)
k=1
U = 03 + Zuk)\*k, (45)
k=1
n—1
B, = Zun,k)\k +o3A" (n>1) (4.6)
k=0

are obtained from the pseudo-differential operators by replacing 9, with A.
We assume that the matrix operators satisfy the Sato equation

O, W = B,W —Was\" (n>1). (4.7)
We define a wave function

T(A) = Wy(N), (4.8)
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where
To(A) = A*(\ = 1)P exp(z))
" A =1)Pexp(307  t,A™) 0
0 AN =1)texp(= Y00  t,A") )
(4.9)
This definition of the wave function is slightly different from the usual one.

The element of Wo(\) is similar to the integrand of the integral representation
of the confluent hypergeometric function:

1Fi(a;bt) = % /0 AT = AP ter . (4.10)

The difference does not affect the soliton system, but affects the system of
the holonomic deformation. We note that the matrix-valued function Wo(\)
satisfies

9pVo(A) = AW (N), (4.11)
This leads to the following proposition:

Proposition 5. If a matriz operator W satisfies the Sato equation (4.7),
then the matrixz operators U and B, satisfy

9,U =By, U] (n>1), (4.13)
8y, By — Oy, B+ [Bn, By =0 (n,m > 1). (4.14)

m

Furthermore, the wave function W(\) satisfy the linear systems,

8, T(\) = AT(N), (4.15)
8, U(\) = B,U(\) (n>1). (4.16)

If we choose m =1 and n = 2, then the Zakharov-Shabat system (4.14)

(7tlBg - 6,5231 + [BQ, Bl] - O (417)

yields
atlul + [Ug, 0'3] = 0, (418&)
8t1u2 — 8t2u1 —+ [Uz, Ul] =0. (418b)
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If we use the parameterizations (2.39a) and (2.39b), then we have the non-
linear Schrédinger equation

Oy u—2f =0, (4.19a)
Ay v +2g =0, (4.19b)
O f — Onu — u*v =0, (4.19¢)
On g — Opv + uv® = 0. (4.19d)

We consider the holonomic deformation that contains the two-component
system. If we introduce a differential operator

V=a(-1+0,) + B0, +x(—0, + %)

> 4.20
+ag{a(—1+ax)+bax+2ntn (—ag+ag+1)}, (4.20)

n=1

then the matrix-valued function Wo(\) (4.9) satisfies
AN = 1)0\To(A) = VUy(N). (4.21)

By using the gauge operator W and the differential operator V', we define a
differential operator C by

C = (WVW71>+ = Z ckekas, (422)
k=0
where
co = —al —wy +a(—o3 + uy) + buy + Z ntp(—Up + Upy1), (4.23a)
n=1

aq=(a+p—a)+(a+bos+ti(—o3+u)+ Z Ntp(—Up—1 + Up),

n=2
(4.23D)
Cy = xl -+ t10'3 -+ 2t2(—0'3 -+ Ul) —+ Z ntn(—un,g -+ Unfl), (423C)
n=3
cr = (k= Dtpo10s + ktp(—os +w) + Y ntn(—ttng + tp_ps1) (k > 3).
n=k+1
(4.23d)
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We introduce matrix operators

_al +aoz  BI +bos > 1
S = ;) + 1 + ; nt,os A", (4.24)
1 o
A= —) Ak (4.25)
AA—1) kZ:O
We note that
MWWo(A) = SUu(N). (4.26)

We assume that the matrix operator A satisfies the condition
W =AW —WS. (4.27)
This leads to the following proposition:

Proposition 6. If a matriz operator W satisfies the reduction condition
(4.27), then the matriz operators U, A and B, satisfy

o\U = [A,U], (4.28)
0y, A—0\By +[A,B)] =0 (n>1). (4.29)

Furthermore, the wave function W(X) (4.8) satisfies the linear system,
WY (N) = AU(N). (4.30)

If we introduce matrices

P=—cy=al 4w +aloz —uy)—bu; + Z iy (U — Unt1),  (4.31a)

n=1
Q= a=pBI+bos—w + (a+bus+ Y ntyiing, (4.31b)
=0 n=1
Ry=> a=al+tos+ Y ntyu, i, (4.31c¢)
=2 n=2
Ri= Y a=(k+Dtnos+ Y ntptnpy (k>1), (4.31d)
l=k+2 n=k+2
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then we have

_ QN pok
A= +)\_1+§Rk/\. (4.32)

By using (4.6) and (4.32), the left-hand side of the system (4.29) with n =1
turns

Oy A —O\B; + [A, B
= 0P+ [Pon]) ~ + (0nQ + [Quus + 03]) ——

A A—1

+ 0y Ry — 03 + [Ro, u1] + [P + Q, 03] (4.33)
+ ) (O Ri + [Ri, wa] + [Ris, 3]) A"
k=1
Therefore we obtain the systems

Oy P+ [P,ui] =0, (4.34a)
O Q + [Q,u1 + 03] = 0, (4.34b)
8t1R0 — 03 + [Ro,ul] -+ [P + Q, 0'3] = O, (434C)
Oy Ry + [Ry, uq] + [Re—1,03] =0 (k>1). (4.34d)

If we put ¢, = 0(n > 2), then the coefficient matrices reduce to Ry = t;03,
Ry, =0 (k> 1), and then we have

Oy P+ [P,uy] =0, (4.35a)
O Q +[Q,u1 + 03] = 0. (4.35b)

This systems is equivalent to Py in the paper, [9].

Remark 4.1. We can also formulate this hierarchy by using the difference
operators ([34]). If the gauge operator YW do not depend on the parameter
a, then we have

e W(\) = AT(N). (4.36)
So the difference operators are obtained from the pseudo-differential opera-

tors by replacing 0, with e%.

31



4.2 The fourth Painlevé equation

We consider the different holonomic deformation that relates to the hierarchy
in the previous subsection. We show that the system that describes the
deformation condition reduces to Pry. This fact follows the result in the
paper, [10].

We employ the same soliton system in the previous subsection. But we
define the wave function as follows:

U(N) = WW¥y(A), (4.37)
where
w0 = explon) (Pt ) @

The element of Wy(\) is similar to the integrand of the integral representation
of the Hermite-Weber function:

M(v+1
H,(t) = Lv+1) /C ATV TN ) (4.39)

211

The matrix-valued function Wy(A) satisfies

This leads to the following proposition:

Proposition 7. If a matriz operator W satisfies the Sato equation (4.7),
then the wave function W(\) satisfy the linear systems,

8, T(\) = AT(N), (4.42)
8, U(\) = B,U(\) (n>1). (4.43)

n

We present the reduction condition for the soliton system. If we introduce
a differential operator

S =I(a+xd,) + 03 <a +) tnag> : (4.44)

n=1
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then the matrix-valued function Wy(\) (4.38) satisfies
ALWo(A) = STG(N). (4.45)

By using the gauge operator W and the differential operator S, we define a
differential operator A by

A= WsW™), => adk, (4.46)
k=0
where

ap = ol + aos + Z Nty y, (4.47a)

n=1
a; = xl -+ t10'3 -+ Z ntnun,l, (447b)

n=2
ap, = ktpos + Z ntyt,_r  (k>2). (4.47¢)

n=k+1

We introduce matrix operators

S=1I(a+z)\)+ 03 (a + i tn)\"> , (4.48)

n=1
A=\, (4.49)
k=0

We assume that the matrix operator A satisfies
AW = AW — W S. (4.50)
This leads to the following proposition:

Proposition 8. If a matriz operator W satisfies the reduction condition
(4.50), then the matriz operators U, A and B, satisfy

AU = [A, U], (4.51)
0, A —A\B, + [A,B,] =0 (n>1). (4.52)

Furthermore, the wave function W(X) (4.37) satisfies the linear system,
AL (A) = AU(N). (4.53)
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Remark 4.2. If we put t,, =0 (n > [), then we have ay =0 (k > 1). In this
case, the linear system (4.53) has a regular singular point at A\ = 0 and an
irregular singular point at A = oo of Poincaré rank [ — 1. Hence we guess
that the systems (4.52) are equivalent to the fourth Painlevé equation with
several variables; see [14, 15, 16].

By using (4.6) and (4.49), the left-hand side of the system (4.52) with
n =1 turns
0y A — NO\By + [A, By]
= Oy a0 + [ag, w1] + (O, a1 — 03 + [a1, 1] + [ag, o3]) A

o0 (4.54)
+ Z (O, ar, + [ag, w1] + ap_1, o3]) A*.
k=2
Hence we have the systems
Oy a0 + lag, u1] =0, (4.55a)
Oy a1 — o3 + [ay, uq] + [ag, 03] =0, (4.55b)
Oy ar + |ag, ur] + [ak—1,03] =0 (k> 2). (4.55¢)

If we put to = 1/2, t, = 0 (n > 3), then the coefficient matrices reduce to
as = o3, ap =0 (k > 3), and we have

Oy ao + lag, u1] =0, (4.56a)
=0.

atlal — 03 + [(11, Ul] -+ [(10, 0'3] (456b)

This systems is equivalent to Ppy in the paper, [9].

4.3 The third Painlevé equation

We present that the system that is the condition of the different holonomic
deformation reduces to Pyjp. So we find that Py is obtained through the
reduction from the nonlinear Schrodinger equation.

We employ the same soliton system in the previous subsection, and we
give another reduction condition for the soliton system. If we introduce a
differential operator

S=1(ad, +29) + 03 (a&v + Z ntm‘?ﬁ“) : (4.57)

n=1
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then the matrix-valued function Wy(\) (4.38) satisfies
A203 () = STy (N).

(4.58)

By using the gauge operator W and the differential operator S, we define a

differential operator A by

o0

A= Wsw), =3 a0k,

k=0
where

o
ag = —wy + auy + g Ny Unt1,

n=1

o
a; = al + aos + Zntnun,

n=1

g — xl + t10'3 + Zntnun,l,

n=2

ar = (k — D)tg_103 + Zntnun_kﬂ (k > 3).

n=~k

We introduce matrix operators

S=1I(ar+zX\*) + o0y <a)\ + Zntn/\”“) ,

n=1
o0
A=\,
k=0
We assume that the matrix operator A satisfies

ANOW = AW — WS.

This leads to the following proposition:

(4.59)

(4.60a)

(4.60b)

(4.60c)

(4.60d)

(4.61)

(4.62)

(4.63)

Proposition 9. If a matriz operator W satisfies the reduction condition

(4.63), then the matriz operators U, A and B, satisfy

No\U = [A, U],
Oy, A— NO\B, +[A,B,] =0 (n>1).
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Furthermore, the wave function W(X) (4.37) satisfies the linear system,
MU (N) = AT(N). (4.66)
By using (4.6) and (4.62), the left-hand side of the system (4.65) with
n=11s
Oy A — N°0\By + [A, By
= O a0 + [ag, w1] + (9 a1 + [ar, wi] + [ao, 03]) A
+ (0,02 — 03 + [az, u1] + [a, 03]) A (4.67)
+ Z(atlak + [ag, ur] + [ag—1, o3]) A",
k=3

Thus we obtain the systems

Oy ag + [ag, u1] = 0, (4.68a)

atlal + [(11, ul] + [CLO) 03] = 07 (468b>

O az — 03 + [az, u1] + |ar, 03] = 0, (4.68¢)

Oy, ar, + [ak, Ul] + [ak,l, 0'3] =0 (]C > 3) (468(1)

If we put ¢, = 0 (n > 2), then the coefficient matrices reduce to ay =
ti03, ax =0 (k > 3), and then we have

atlao + [CLQ, ul] = O, (469&)

8,51 ap + [al, Ul] -+ [ao, 0'3] = U. (469b)

We can obtain Py from this system (4.69).

4.4 The second Painlevé equation

We present that the system that describes the condition of the different
holonomic deformation reduces to Pryj.

We employ the same soliton system in Subsection 4.1. However we define
the wave function as follows:

W) = W(N), (4.70)
where
\110()\) — \%™ (eXp (2%021 tn)\n> exp (_ 25)2021 tﬂ)\n)) ) (471)
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Needless to say, the matrix-valued function Wy (\) satisfies

This leads to the following proposition:

Proposition 10. If a matriz operator W satisfies the Sato equation (4.7),
then the wave function W(\) satisfy the linear systems,

8, T(\) = AT(N), (4.74)
8, U(\) = B,U(\) (n>1). (4.75)

We give the reduction condition for the soliton system. If we introduce a
differential operator

S=1(ad;"' +1z)+0; Z nt, 0" !, (4.76)

n=1

then the matrix-valued function Wy(\) (4.71) satisfies

By using the gauge operator W and the differential operator S, we define a
differential operator A by

A= (WSW), =" apet™, (4.78)
k=0
where
agp = xl -+ t10'3 -+ Zntnun,l, (479)
n=2
ar = (k+Dtpos+ > ntgtn g (k> 1), (4.80)
n=k+2
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We introduce matrix operators

S =1\ +2z)+0; Z nt, A" (4.81)
n=1
A=\, (4.82)
k=0

We assume that the matrix operator A satisfies
W =AW —WS. (4.83)
This leads to the following proposition:

Proposition 11. If a matriz operator W satisfies the reduction condition
(4.83), then the matriz operators U, A and B, satisfy

U = [A, U], (4.84)
Oy, A— 0By +[A, B =0 (n>1). (4.85)

Furthermore, the wave function V() (4.70) satisfies the linear system,
WY () = AU(N). (4.86)

Remark 4.3. 1f we put t, = 0 (n > 1), then we have a, =0 (k > 1 —1). In
this case, the linear system (4.86) has an irregular singular point at A = oo

of Poincaré rank [ — 1. So we guess that the systems (4.85) are equivalent to
the Aj-system; see [19, 20, 21].

By using (4.6) and (4.82), the left-hand side of the system (4.85) with
n =1 turns

325114 — 8,\31 —+ [A, Bl]

- 4.87
Iatlao — 03+ [ao,ul] +Z(8tlak+ [ak,ul] + [ak,l,ag]))\k. ( )
k=1
So we have the systems
Oy a0 — 03 + [ag, u1] = 0, (4.88a)
8t1ak + [ak, Ul] -+ [ak,l, 0'3] =0 (k‘ > 1) (488b)
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If we put t3 = 1/3, t, = 0 (n = 2, n > 4), then the coefficient matrices
reduce to as = 03, ar, =0 (k > 3), and we have

Oy ag — 03 + [ag, u1] = 0, (4.89a)
= 0.

8,51 a; + [al, Ul] -+ [ao, 0'3] (489b)

This systems is equivalent to Py in the paper, [9].
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